Galois groups of co-abelian ball quotient covers 



Azniv Kasparian 



Abstract 

If X' = (B/r) is a torsion free toroidal compactification of a discrete ball 
quotient X Q = M/T and £ : (X' , T = X'\X ) -> (X, D = £(T)) is the blow-down 
of the (— l)-curves to the corresponding minimal model, then G' = Aut(X' , T) 
coincides with the finite group G = Aut(X, D). In particular, for an elliptic 
curve E with endomorphism ring R = End(E) and a split abelian surface X = 
A = E x E, G is a finite subgroup of Aut(A) = T A X GL(2, R), where (7a, +) ^ 
(A,+) is the translation group of A and GL(2,R) = {g € i?2x2 I det(#) G i?*}. 

The present work classifies the finite subgroups H of Aut(A = E x E) for an 
arbitrary elliptic curve E. By the means of the geometric invariants theory it 
characterizes the Kodaira-Enriques types of A/H ~ (B/r)' /H, in terms of the 
fixed point sets of H on A. The abelian and the K3 surfaces A/H are elaborated 
in [7]. The first section provides necessary and sufficient conditions for A/H to 
be a hyper-elliptic, ruled with elliptic base, Enriques or a rational surface. In 
such a way, it depletes the Kodaira-Enriques classification of the finite Galois 
quotients A/H of a split abelian surface A = E x E. The second section 
derives a complete list of the conjugacy classes of the linear automorphisms 
g € GL(2, R) of A of finite order, by the means of their eigenvalues. The third 
section classifies the finite subgroups H of GL(2,R). The last section provides 
explicit generators and relations for the finite subgroups H of Aut(A) with K3, 
hyper-elliptic, rules with elliptic base or Enriques quotients A/H ~ (B/r) /H. 

Let 

1 = {z= ( Zl ,z 2 ) e C 2 | \ Zl \ 2 + \z 2 \ 2 < 1} ~ SU 2>1 /S{U 2 x U x ). 

be the complex 2-ball. In [4] Holzapfel settled the problem of the characterization of 
the projective surfaces, which are birational to an eventually singular ball quotient 
B/r by a lattice V of SU 2> \. Note that if 7 6 V is a torsion element with isolated 
fixed points on B then B/r has isolated cyclic quotient singularity, which ought to be 
resolved in order to obtain a smooth open surface. The aforementioned resolution cre- 
ates smooth rational curves of self-intersection < —2, which alter the local differential 
geometry of B/r, modeled by B. That is why we split the problem to the description 
of the minimal models X of the smooth toroidal compactifications X' Q = (B/r o ) 
of torsion free T a and to the characterization of the birational equivalence classes of 



X / H for appropriate finite automorphism groups H . This reduction is based on the 
fact that any finitely generated lattice V in the simple Lie group SU^i has a torsion 
free normal subgroup r o of finite index [r : r o ]. Therefore B/T = (B/r o ) / (T/T ) 
and the classification of M/T is attempted by the classification of M/T Q and the finite 
automorphism groups H = T/T Q of B/T . 

According to the next proposition, for any torsion free ball lattice T and any 
T < £7/2,1 > containing T as a normal subgroup of finite index, the quotient group 
r/r o acts on the toroidal compactifying divisor T = (B/T ) \ (B/T ) and provides a 
compactification M/T = (B/T )' / (r/r o ) of B/T with at worst isolated cyclic quotient 
singularities. Therefore H = T/T Q is a subgroup of Aut(X' ,T). The birational 
equivalence classes of M/T are to be described by the numerical invariants of the 
minimal resolutions Y of the singularities of B/T. These can be computed by the 
means of the geometric invariant theory, applied to X Q and a finite subgroup H of 
the biholomorphism group Aut(X a ). 

Proposition 1. Let T be a lattice of SI) 2,1 and T Q be a normal torsion free subgroup 
of T with finite index [T : T Q ]. Then the group G = T/T a acts on the toroidal 
compactifying divisor T = (M/T )' \ (M/T a ) and the quotient (M/T )' /G = (M/T) U 
(T/G) = M/T is a compactification of M/T with at worst isolated cyclic quotient 
singularities. 

Proof. Recall that p G <9pB is a T-rational boundary point exactly when the intersec- 
tion T n Stabsu 2 ,i(p) is a lattice of Stabsu 2 ,i(p)- Since [r : T a ] < 00, the quotient 

Stab S u 2 ,i(p)/l T n Stabsu 2A (pj\ = 

= {StabsuiM/ i T o n Stabsu.M] }/{[m Stab SU2 M/[ r o n Stab^M]} 

has finite invariant volume exactly when Stabsu 2 ,i(p)/[^o H Stabsu 2 ,i(p)] nas finite 
invariant volume. Therefore the T-rational boundary points coincide with the To- 
rational boundary points, <9rB = <9r D B. It suffices to establish that the T-action on B 
admits local extensions on neighborhoods of the liftings of Tj to complex lines through 
Pi G dr a M with 0rbr o (pi) = Ki. According to [?], the cusp Kj, associated with the 
smooth elliptic curve Tj has a neighborhood A r (/tj) = Tj x A*(0,e) C (B/r o ) for a 
sufficiently small punctured disc A*(0, e) = {z G C | \z\ < e}. The biholomorphisms 
7 : B -> B from T extend to 7 : B U d r M ^BU d r M, as far as d r M consists of 
isolated points. If p { G 9r D B, j(pi) = Pj G dj-M and Kj = 0rbr o (pj) then there is a 
biholomorphism 

7 : N( Ki ) n 7~ 1 A r (^) — > lN(Ki) n N( Kj ). 

For any G Tj let A7; (9^,77) be a sufficiently small disc on Tj, centered at % 
which is contained in a 7ri(Tj)-fundamental domain, centered at gj. One can view 
A Ti (qi : rj) = Af.(q i: r]) as a disc on the lifting Tj of Tj to a complex line through pi. 
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Then JV(/Cj,5j) := Af.(qi,r)) x A*(0,e) is a bounded neighborhood of qi G T; on B/T 
and the holomorphic map 

7 : N^qAn^N^qj) -tlNfaqdnNiKj^) C N( Kj ,qj) = A r .( qj ,r])xA*(0,e) 

is bounded. Thus, 7 : B — >• B is locally bounded around T = ^i(Pi) and 

admits a holomorphic extension 7:BUT— > BUT. This induces a biholomorphism 

7 r : (B/r G )' (B/r )'. 

□ 

The next proposition establishes that an arbitrary torsion free toroidal compactifi- 
cation (B/r o )' has finitely many Galois quotients (B/r o )' /H = M/T H with T H /T = 
H. For torsion free (B/r o )' with an abelian minimal model X Q = A, the result is 
proved in [6]. Note also that [9] constructs an infinite series {(B/T n ) } ra _ 1 of mutually 
non-birational torsion free toroidal compactifications with abelian minimal models, 
which are finite Galois covers of a fixed (m/F^, T(l)/H^j = ((B/T n )' , T(n)) / H n , 
H n <Aut((B/T n )',T(n)). 

Proposition 2. Let X' = (B/T)' = (B/T) U T be a torsion free toroidal compactifi- 
cation and £ : (X',T) — > (X = £(X'),D = £(T)) be the blow-down of the (-l)-curves 
to the minimal model X of X' . Then Aut(X',T) is a finite group, which coincides 
with Aut(X,D). 

Proof. Let us denote G = Aut(X,D), G' = Aut(X',T) and observe that X' is the 

h 

blow-up of X at the singular locus D smg of D. Since D = A has smooth elliptic 

i=l 

irreducible components the singular locus D sms = DiDDj and its comple- 

l<i<j<h 

ment X\D smg are G- invariant. We claim that the G-action extends to the exceptional 
divisor E = £ -1 (.D sing ) of £, so that X' = (X \ D sing ) U E is G-invariant. Indeed, for 
any g G G and p G D smg with q = g(p), let us choose local holomorphic coordinates 
x = (07,27), respectively, y = (2/1,2/2) on sufficiently small neighborhoods N(p), N(q) 
of p and q on X with gN(p) C N(q). Then g : iV(p) — >■ iV(g) C C 2 consists of two 
local holomorphic functions g = (gi, #2) on N(p). By the very definition of a blow-up, 

£ _1 N(p) = {(27,27) x [27 : 27] I (27,2:2) £ iV(p)} |and 

C'Niq) = {( 9l (x),g 2 (x)) x [ 9l (x) : 2 (a;)] | = ( 9l (x) , g 2 (x)) G iV(g)}, 

so that 

g:C 1 N(p)^r 1 N(q), 
(27,27) x [27 : x 2 ] ^ (01(2;), £ 2 (a) ) x [g^x) : #2(2;)] 
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extends the action of g G G to £ _1 (.D sing ) and G C Aut(X'). Towards the G -mvanance 

of T, note that the birational maps £ : Tj — > £(Tj) = D; L of the smooth irreducible 

h 

components Tj of T are biregular. Thus, the G-invariance of D = A implies the 

i=i 

ft 

G-invariance of T = T« and G C G' = Aut(X' ,T). For the opposite inclusion 

i=l 

G' = Aut(X r ,T) C G = ykt£(X, £)) observe that an arbitrary g' G G' acts on the 
union E of the (— l)-curves on X' and permutes the finite set £(E) = D sms . In such 
a way, g' turns to be a biregular morphism of X = (X' \ E) U _D sm s. The restriction 
of g' on Tj has image g>'(Tj) = Tj for some 1 < j < h and induces a biholo morphism 
(?' : Dj — > Dj. As a result, g' G G' acts on D and g' £ G = Aut(X, D). 

In order to justify that G = Aut(X, D) is a finite group, let us consider the natural 
representation 

<p:G^Sym(D 1 ,...,D h ) 

in the permutation group of the irreducible components Di, . . . , -D^ of D. As far as 
the image ip(G) is a finite group, it suffices to prove that the kernel ker if is finite. Fix 
p E D smg and two local irreducible branches U and V Q of D through p. If U C Di 
and C Dj for 2 7^ j then consider the natural representation 

ip : ker </? — > Sym(Dj D -Dj). 

The group homomorphism tp has a finite image, so that the problem reduces to 
the finiteness of G Q := ker (^olker^)- By its very definition, G G < Stabo(p). Let us 
move the origin of Di at p and realize G Q as a subgroup of the finite cyclic group 
End* (A). After an eventual shrinking, U is contained in a coordinate chart of X. 
Then U = f^ go eG [9o(U )] is a G -invariant neighborhood of p on Dj. Similarly, pass 
to a G -invariant neighborhood V C 14 of p on Dj, intersecting transversally U. 
Through any point v e V there is a local complex line U(v), parallel to U. The 
union W = U v( zvU(v) is a neighborhood of p on X, biholomorphic to U x V. In 
holomorphic coordinates (u,v) G W, one gets G G < End*(C/) x End*(V). Note that 
End*(C/) C End*(_Dj) and End* (A) is a finite cyclic group of order 1,2,3,4 or 6, so 
that I G 1 < 00. 

□ 
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1 Kodaira-Enriques classification of the finite Galois 
quotients of a split abelian surface 



Let A = E x E be the Cartesian square of an elliptic curve E. For an arbitrary 
finite automorphism group H < Aut(A), we characterize the Kodaira-Enriques clas- 
sification type of A/H in terms of the fixed point set Fix A (H) of H on A. Partial 
results for this problem are provided by [7]. Namely, any A/H is a finite cyclic Galois 
quotient of a smooth abelian surface A/K or a normal model A/K of a K3 surface. 
The surface A/K is abelian exactly when K = T(H) is a translation group. The 
note [7] specifies that a necessary and sufficient condition for A/[T(H){h)] to have 
irregularity q(Y) = h lfi (Y) = 1 is the presence of an entire elliptic curve in the fixed 
point set FixA{h) of h. This result is similar to S. Tokunaga and M. Yoshida's study 
[11] of the discrete subgroups A < C n X U(n) with compact quotient C n /A. Namely, 
[11] establishes that if the linear part C(A) of such A does not fix pointwise a com- 
plex line on C 2 , then C n /A has vanishing irregularity. Further, [7] observes that if 
some h G H fixes pointwise an entire elliptic curve on A, then the Kodaira dimension 
k(A/H) = — oo drops down. Tokunaga and Yoshida prove the same statement for 
discrete subgroups A < C n X U(n) with compact quotient C ra /A. The note [7] proves 
also that if A/K is a K3 double cover of A/H then A/H is birational to an Enriques 
surface if and only li A/K — > A/H is unramified. 

The present note establishes that an arbitrary cyclic cover (§ : A/K — >■ A/H of 
degree > 3 by a K3 surfaces A/K with isolated cyclic quotient singularities is ramified 
over a finite set of points and A/H is a rational surface. If a K3 surface A/K is a 
double cover : A/K — > A/H of A/H then A/H is birational to an Enriques surface 
exactly when is unramified. The quotients A/H with ramified K3 double covers 

'■ A/K — > A/H are rational surfaces. If H = T(H)(h) and the fixed points of C(h) 
on A contain an elliptic curve then A/H is hyper-elliptic (respectively, ruled with an 
elliptic base) if and only if H has not a fixed point on A (respectively, H has a fixed 
point on A, whereas H has a pointwise fixed elliptic curve on A). If H = T(H){h) 
and C(h) has isolated fixed points on A then A/H is a rational surface. 

In order to construct the normal subgroup K of H, let us recall that the automor- 
phism group Aut(A) = 7AXAut 6A (A) of A is a semi-direct product of the translation 
group 1~a — (A +) an d the stabilizer Aut dA {A) of the origin 6 a G A. Each g G 
Auto A (v4) is a linear transformation 



leaving invariant the fundamental group iri(A) = ni(E) x tc\(E) of A = E x E. 
Therefore a^ir^E) C 7ii(E) for all 1 < i,j ' < 2 and G R for the endomorphism 
ring R of E. The same holds for the entries of the inverse matrix 




9 



-i 



Oll a 22 — a 12 a 21 



1 



a 22 ~ a 12 




G Auto A (A). 



(1) 
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Now, det(g) G R and det(g x ) = (det(g)) 1 G i? imply that det(<?) G -R* is a unit. 
Thus, Aut 6A (A) is contained in 

Gl(2,R):={ge(R) 2x2 \ det(g) G R*}. 

The opposite inclusion Gl(2,R) C Aut 6A (A) is clear from (1) and Aut 6A (A) = 
Gl(2,R). 

The map £ : Aut(A) — > Gl(2,R), associating to g G Aut(A) its linear part 
C(g) G Gl(2, R) is a group homomorphism with kernel ker(£) = Ta- Denote by O-a 
the integers ring of an imaginary quadratic number field Q(y/—d). The determinant 
det : Gl(2, R) — > R* is a group homomorphism in the cyclic units group 

f(C 2 fori2^Z[i],0_ 3 , 
iT = (C-d) - < C 4 for i? = Z[i] = 
|c 6 for J R = C_ 3 

of order o(i2). For an arbitrary subgroup H of Aut(A), let us denote by K = Kh the 
kernel of the group homomorphism det £ : H — >■ i?* . The image det C(H) < (R*, .) 
is a cyclic group of order m, dividing o(R*), i.e., det £(//") = (C-d) f° r some natural 
divisor fc = of o(R*). For an arbitrary /i G H with det£(/i ) = C^d the first 

homomorphism theorem reads as 

{k h , h K H , . . . , ^r 1 ^} = h/k h ~ (c fe d ) = {i, c-d, . . . , cir 1)fe }- 

Therefore if = Kniho) is a product of = ker(det C\h) and the cyclic subgroup 
(h ) of /J. 

Denote by Ei(H) the set of /i G H, whose linear parts C(h) G GL 2 (R) have 
eigenvalue 1 of multiplicity 1. In other words, h G Ei(H) exactly when C(h) fixes 
pointwise an elliptic curve on A through the origin 6 A . Put E (H) for the set of 
h G H, whose linear parts have no eigenvalue 1. Observe that h G E (H) if and only 
if C(h) G GL(2, R) has isolated fixed points on A. 

An automorphism h G H \ {Id} is called a reflection if fixes pointwise an elliptic 
curve on A. We claim that h G H is a reflection if and only if h G Ei(H) and ft, has a 
fixed point on A. Indeed, if h fixes an elliptic curve F on A, then one can move the 
origin 6a of A on F, in order to represent h by a linear transformation ft = £(ft) G 
GL(2, R) \ {Id} = E X (GL(2, R)) U E (GL(2, R)). Any ft = £(ft) G E (GL(2, R)) has 
isolated fixed points on A, so that ft = £(ft) G E 1 (H) and Fix^(ft) 7^ 0. Conversely, if 
ft G Ei(H) and Fix A (h) 7^ 0, then after moving the origin of A at 6a G FixA(h), one 
attains ft = £(ft). Thus, ft fixes pointwise an elliptic curve on A or ft is a reflection. 

Towards the complete classification of the Kodaira-Enriques type of A/H, we use 
the following results from [7] : 
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Proposition 3. (i) (cf. Corollary 5 from [7]) The quotient A/H of A = E x E by 

a finite automorphism group H is an abelian surface if and only if H = ker(£|#) = 
T(H) is a translation group. 

(ii) (Lemma 7 from [7]) The quotient A/H is birational to a K3 surface if and 
only if H = ker(det£|#) and H 2 ker(£|#) = T(H). 

Proposition 4. (i)(ci. Lemma 11 from [7]) // a finite automorphism group H < 
Aut(A) contains a reflection then A/H is of Kodaira dimension n(A/H) = — oo. 

(ii) (cf. Proposition 12 from [7]) A smooth model Y of A/H is of irregularity 
q(Y) = h 1,0 (Y) = 1 if and only if H = T(H)(h) is a product of its normal translation 
subgroup T(H) = ker(£|#) and a cyclic group (h), generated by h G Ei(H). 

From now on, we consider only subgroups H < Aut(A,T) with det£(H) ^ {1} 
and distinguish between translation K = ker(det £\h) — ker(£|#) = T(H) and non- 
translation K = ker(det£| H ) 2 ker(£|^) = T(H). Any h & K = ker(det£| H ) 
belongs to E X {H) or to E (H). 

Proposition 5. Let H = 7~(H)(h) be a product of its (normal) translation subgroup 
T{H) = ker (C\h) and a cyclic group (h) , generated by h G E\(H). Then: 

(i) the fixed point set Eix^H) = of H on A is empty if and only if A/H is a 
smooth hyper- elliptic surface; 

(ii) the fixed point set Fixa{H) ^ is non-empty if and only if A/H is a smooth 
ruled surface with an elliptic base. If so, then Fixa{H) is of codimension 1 in A. 

Proof. According to Proposition 4 (ii), H = T(H)(h) with h G Ei(H) if and only if 
any smooth model Y of A/H has irregularity q(Y) = h 1,Q (Y) = 1. More precisely, Y 
is a hyper-elliptic surface or a ruled surface with an elliptic base. 

If Fixa{H) = then A — > A/H is an unramified cover and the Kodaira dimension 
k(A/H) = k(A) = 0. Therefore A/H is hyper-elliptic. 

Suppose that there is an iJ-fixed point p G Fixa{H) and move the origin 6a of 
A at p. For any hi G Stab H (oA) \ {Id^\ one has oa = ^i(6a) = r (h 1 )C(hi)(dA) = 
r(/i 1 )(d J 4), so that hi has trivial translation part r(hi) = t 6a . As a result, hi = 
C{hi) G Ei(H) \ {Id a} is a reflection and fixes pointwise an elliptic curve on A. In 
particular, Fixa{H) is of complex codimension 1. If 



By Proposition 4 (i), the quotient Aj (hi) by the cyclic group (hi), generated by the 
reflection hi = C(hi) G Ei(H) is of Kodaira dimension k(A/ (hi)) = —oo. Along the 
finite (not necessarily Galois) cover A/ (hi) — > A/H, one has k(A/ (hi)) > k(A/H), 





then 




7 



whereas k(A/H) = — oo and A/H is birational to a ruled surface with an elliptic 
base. Note that all h G H with FixA{h) ^ are reflections, so that the quotient 
A/H is a smooth surface by a result of Chevalley [5] . 

That proves the proposition, as far as the assumption Fixa{H) ^ for a hyper- 
elliptic A/H leads to a contradiction, as well as the assumption Fixa(H) = for a 
ruled A/H with an elliptic base. 

□ 

Proposition 6. Let H = T(H)(h) for some 

h e E (H) = {heH | \jC(h) ^ 1, 1 < j < 2} 
with det C(h) ^ 1. T/ien A/if zs a rational surface. 

Proof. We claim that A/H with A = x E is simply connected. To this end, let us 
denote by R the endomorphism ring of E and lift H to a subgroup if of the afline- 
linear group Af f(C 2 , R) = (C 2 ,+) X GL(2,R) , containing (ni(A),+) as a normal 
subgroup with quotient H/iri(A) = H. Then 

A/H = [C 2 /7n(A)] / |#/7n(A)l ~ C 2 /H. 

The universal cover A = C 2 of A is a path connected, simply connected locally 
compact metric space and H is a discontinuous group of homeomorphisms of C 2 . 
That allows to apply Armstrong's result [1] and conclude that 



n^A/H) = TTi (c 2 /#) ~ if/JV, 



where N is the normal subgroup of H, generated by h G H with Fixc*(h) ^ 0. There 
remains to be shown the coincidence H = N. In the case under consideration, le^us 
choose generators Ttp^QA of T(H), 1 < % < m and fix liftings (pi,qi) G C 2 = A of 
(Pi + 7n(£), ft + vn(ij) l = (i* Qi). If 7n(£?) = AiZ + A 2 Z for some A 1; A 2 G C* with 
|eC\l, then 7Ti(A) = 7Ti(£?) x tti(£) is generated by 

An = (Ai,0), Ai 2 = (A 2 ,0), A 2 i = (0,Ai) and A 22 = (0,A 2 ). 

Let h = T( UjV )£(h) G H be a lifting of h = T(jjy)C(h) G if, i.e., (u+7r 1 (E),v+n 1 (E)) = 
(U, V). Then H is generated by its subset 



S 



{ A *i> r (p fc ,<? fc )> h I 1 < «,i < 2, l</c<m|. 



Since £(/i) has eigenvalues XiC(h) ^ 1, A 2 £(/i) 7^ 1, for any (a, 6) G C 2 the automor- 
phism T( ai fyC(h) G Aut(C 2 ) has a fixed point on C 2 . One can replace the generators 
Aij and T( Pk , qk ) of H by A^/i, respectively, r^ k>qk )h, since 

(S) D {A i:j h, r {pk , qk )h, h \ l<i,j<2, 1 < k < m} 
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and Aij,T(p k , qk ) G {{KjK H Pk ,g k )h, h | 1 < i, j < 2, 1 < A; < m}). Thus 

H = (A i:j h, T(p k!qk )h, h | 1 < 2, j" < 2, 1 < k < m) 

coincides with N , because H is generated by elements with fixed points. As a result, 
m(A/H) = {l}. 

Note that the simply connected surfaces A/H are either rational or K3. According 
to det C{h) 7^ 1, the quotient A/H is not birational to a K3 surface, so that A/H is 
a rational surface with isolated cyclic quotient singularities. 

□ 

Proposition 7. Let H < Aut(A) be a finite subgroup of the form H = K(h) with 
C(K) < SL(2,R) and det C(H) = (det£(h)) ^ {1}. 

(i) The complement H\K has fixed points on A, Fixa(H \K) ^ if and only if 
A/H is a rational surface; 

(ii) The complement H\K has no fixed points on A, Fixa{H\K) = if and only 
if A/H is birational to an Enriques surface Y . If so, then the K3 universal cover Y 
ofY is birational to A/K and the index [H : K] = 2. 

Proof. First of all, the H / K-G&\ois cover ( : A/K — > A/H is ramified if and only if the 
complement H\K has a fixed point on A. More precisely, a point Orbx{p) & A/K, 
p E A is fixed by hK G H/K \ {K} exactly when hOrbxip) = Orbxip) or 

{hk{p) | keK} = {k{p) | k G K}. (2) 

The condition (2) implies the existence of k Q G K with h(p) = k (p). Therefore 
hi = k~ 1 h G Stabnip) \ K has a fixed point and 

hiK = ik- x h)K = K\hK) = k- x Kh = Kh = hK, 

as far as K is a normal subgroup of H. Conversely, if hi(p) = p for some hi G H\K 
then K p = Khi(p) = hiK(p) and the point Orbx{p) G A/K is fixed by hiK G H/K. 

Note that the presence of a covering ( : A/K — > A/H by & (singular) K3 model 
A/K implies the vanishing q(X) = h l,Q (X) of the irregularity of any smooth model 
X of A/H, as far as q(X) < q(Y) = for any smooth H j 'K-Galois cover Y of X, 
birational to A/K. The smooth projective surfaces S with irregularity q(S) = and 
Kodaira dimension k(S) < are the rational, K3 and Enriques S. Due to C(h) ^ 1, 
the smooth model X of A/H is not a K3 surface. Thus, X is either an Enriques or 
a rational surface. 

If Fix A [H \ K) = and C : A/K ->■ A/H in unramified, then k(X) = k(Y) = 
by [10] and X is an Enriques surface. 

Let us assume that FixA_(H\K) ^ and the minimal resolution Y of the singular- 
ities of A/H is an Enriques surface. Consider the minimal resolution pi : Y — > A/K 
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of the singularities of A/K and the resolution v 2 : X 2 ->■ A/if of C(A/#) sing . Then 
there is a commutative diagram 



A/K 



A/H 



pi 



V2 



Y 



Ci 



(3) 



Xo 



with H I 'X-Galois cover d, ramified over the pull-back v 2 1 B(Q of the branch locus 
-B(C) C A/H of £. The minimal resolution /i 2 : X — > X 2 of the singularities X 2 ing = 
{A/H) shl % \ ((A/K) shl z of X 2 and Ci : Y ->■ X 2 give rise to the fibered product 
commutative diagram 

y z = y x X2 x 



Ci 



Xo 



C2 



(4) 



X 



with ramified if/X-Galois cover £2 and birational pr x . Note that Z is a smooth 
surface, since otherwise 7^ pr 1 (Z smg ) C X smg = 0. Moreover, Z is of type K3. Let 
us consider the universal double covering Ux '■ X — > X of X by a K3 surface X. Since 
Z is simply connected and Ux '■ X — > X is unramified, the finite cover ( 2 : Z — > X 
lifts to a morphism ( : ZX, closing the commutative diagram 



X 




(5) 



The finite ramified morphism ( 2 = Ux( has finite ramified factor £, as far as the 
universal covering Ux '■ X — )■ X is unramified. If B(C) C Z is the branch locus of ( 
then the canonical divisor 

O z = K z = CICx + B (0 = C°x + S (C), 

which is an absurd. Therefore, Fixa{H \ K) 7^ implies that A/H is a rational 
surface. 

If C : A/K — > A/H is unramified and A/H is an Enriques surface then (1 : y — > X 2 
from diagram (3) and ( 2 : Z — > X from (4) are unramified. As a result, £ : Z — > X 
from diagram (5) is a finite ramified cover of smooth simply connected surfaces, 
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whereas deg(£) = 1 and Z coincides with the universal cover X of X. Thus, X is 
birational to A/K and 



By the very construction, the surfaces A/H and M/Th = (B/T) /H are simulta- 
neously singular. The classical work [5] of Chevalley establishes that A/H is singular 
if and only if there is h e H, whose linear part C(h) G GL(2, R) has eigenvalues 
{XiC(h), \ 2 £(h)} $ 1. Thus, A/H and B/TV are smooth exactly when birational to 
a hyper-elliptic or a ruled surface with an elliptic base. 

Let Tj be an irreducible component of T = (B/r)' \ (B/r) of B/T. Then the irre- 



ducible component Orb H (Ti) / H of T/H = \ M/Thj \ (B/Th) is elliptic (respectively, 

rational) if and only if Fixa{H) H Di = (respectively, Fixa(H) H Dj 7^ 0) for the 
image = £(Tj) of Tj under the blow-down £ : (B/r)' — > A of the (— l)-curves. 



deg(C) = deg(Ci) = deg(C 2 ) = deg(C/ x ) = 2, 



so that [H : K] = \H/K\ = deg(C) = 2. 



□ 
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2 Linear automorphisms of finite order 

Throughout this section, let R be the endomorphism ring of an elliptic curve E. It 
is well known that R = Z + fO-d for a natural number / E N, called the conductor 
of E and integers ring O-d of an imaginary quadratic number field Q(\/—d). More 
precisely, O-d = Z + w_<fZ with 

d for —d ^ l(mod 4), 
^ for -d = l(mod 4). 

and R = Z + /u;_dZ for R ^ Z. In particular, i? is a subring of Q(V — d)- We write 
-R C Q(V~ d) both, for the case of R = Z + /w_<fZ or i? = Z, without specifying the 
presence of a complex multiplication on i?. (For R = 7L one hat i? C Q(v / — d) for 
VrfGN.) 

The automorphism group of the abelian surface A = E x E is a semi-direct product 

Aut(A) = x GL(2,R) 

of its translation subgroup (A, +) and the isotropy group 

Ant dA (A) = GL(2,R) = {geR 2x2 | det(g) E R*} 
of the origin 6 A E A. 

Lemma 8. Let R be the endomorphism ring of an elliptic curve E. If R is different 
from O-i = 7i[i] and CL 3 then 

R* = (-1) = {±1} = C 2 

is the cyclic group of the square roots of the unity. 

If R = Z[i] is the ring of the Gaussian integers then 

R* = (i) = {±l,±i} = C 4 

is the cyclic group of the roots of unity of order 4. 

The units group of Eisensten integers R = CL 3 is the cyclic group 

R* = ( e -Tr) = {±1, e ± ~, e ± ^} = C 6 

of the sixth roots of unity. 

Proof. Recall that the units group 0*_ d of the integers ring O^d °f an imaginary 
quadratic number field Q(v / — d) is 

Q*_ d = (-1) ~ C 2 for d ^ 1, 3 and 
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o*_ x = = (i) = c 4 , 

CT_ 3 = (e™) = C fi . 

The units group R* of the subring R = Z + fO^d of O-d is a subgroup of 0*_ d , so 
that R* = (-1) ~ C 2 for R = Z or R = Z + f0^ d with d G N \ {1, 3}, / G N. In the 
case of R = Z + fO-i, the assumption i E R* implies i? = 0-\ and happens only for 
the conductor f — 1. Similarly, the existence of e - ^ e R* \ {±1} for R = Z + /(9_ 3 
forces 

ail 1 1 1 + a/-3 , 
e3 =-2 + ^- = - 1 + 1 = -1+^-36^*, 

whereas G R and i? = 0_ 3 . 

□ 

Towards the description of g e GL(2, R) of finite order, let us recall that the 
polynomials 

/(x) = x n + dirr™ -1 + . . . + a n _ia; + a n G Z[x] 
with leading coefficient 1 are called monic. 

Definition 9. If A is a subring with unity of a ring B then b G B is integral over A 
if annihilates a monic polynomial 

f(x) = x n + aix™" 1 + . . . + a n -\x + a n G A[x] 

with coefficients from A. 

It is well known (cf. [2]) that b G B is integral over A if and only if the polynomial 
ring A [b] is a finitely generated A- module. 

Definition 10. The complex numbers c G C, which are integral over Z are called 
algebraic integers. 

Any algebraic integer c is algebraic over Q. If g(x) G Q[x] \ Q is a polynomial of 
minimal degree A; with a root c then g(:r) divides any h(x) G Q[rr] \ Q with h(c) = 0. 
An arbitrary g'(x) G Q[rr] of degree k with a root c is of the form g'{x) = qg(x) for 
some Q*. The polynomials ^(x) with arbitrary q G Q* are referred to as minimal 
polynomials of c over Q. If c is algebraic over Q then the ring of the polynomials Q[c] 
of c with rational coefficients coincides with the field Q(c) of the rational functions of 
c, Q[c] = Q(c) and the degree [Q(c) : Q] equals the degree of a minimal polynomial 
of c over Q. 

Definition 11. If c G C is algebraic over Q, then [Q(c) : Q] = dim^ Q(c) is called 
the degree of c over Q. 
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Let c be an algebraic integer and f(x) G Z[x]\Zbea monic polynomial of minimal 
degree with a root c. Then any h(x) G Z[x] with /i(c) = is divisible by /(#). Thus, 
f(x) is unique and referred to as the minimal integral relation of c. If f(x) G Z[rr] \ Z 
is the minimal integral relation of c G C and g(x) G Q[x] \ Q is a minimal polynomial 
of c over Q, then g(x) = qf(x) for the leading coefficient q = LC(g) G Q* of g{x). 
More precisely, g(x) divides f(x) and f(x) is indecomposable over Q, as far as it is 
indecomposable over Z. In such a way, one obtains the following 

Lemma 12. If c E C is an algebraic integer, then the degree deg^fc) = [Q(c) : Q] 0/ 
c over Q equals the degree of the minimal integral relation 



Lemma 13. Let E be an elliptic curve, R = End(E) and g G GL(2,R). Then any 
eigenvalue Ai of g is an algebraic integer of degree 1,2 or 4 over Q. 

Proof. It suffices to observe that if A C B are subrings with unity of a ring C, A is 
a Noetherian ring, I? is a finitely generated A-module and c G C is integral over B, 
then c is integral over A. Indeed, let / G N be the conductor of E and 



of E is a free Z-module of rank 2. The eigenvalue Ai G C of g G GL(2, R) is a root 
of the characteristic polynomial 



of g, so that Ai is integral over R. According to the claim, Ai is integral over Z or 
Ai G C is an algebraic integer. On one hand, the degree of Ai over Q(-\/— d) is 



f(x) = x n + a\x a 1 + . . . + a n -\x + a n G Z[x] of c. 




for -d ^ l(mod4), 
for -d = l(mod4). 



(6) 



Then the integers ring Z is Noetherian and the endomorphism ring 



R = Z + fO_ d = Z + /w_ d Z 



AT fl (A) = A 2 - tr(o)A + det(g) G i?[A] 




so that 



[Q( 




On the other hand, the inclusions 
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of subflelds imply that 



i) : Q] = 



[Q(v / -^, Ai) : Q(Ai)] 



Therefore, the degree deg^Ai) = [Q(Ai) : Q] of Ai over Q is a divisor of the degree 
[Q(V=d, A x ) : Q] or deg Q (A 1 ) G {1, 2, 4}. 

In order to justify the claim, recall that c G C is integral over if and only if the 
polynomial ring B[c] — B + -Be + . . . + Bc 11 ^ 1 is a finitely generated 5-module. If 
B = Af3i + . . . + Af3 s is a finitely generated A-module, then 

s n—1 
i=l j=0 

is a finitely generated A- module. Since A is a Noetherian ring, the A-sub module A[c] 
of -E>[c] is a finitely generated A-module. 

□ 

Note that if h = T(jj V ^C{h) G H < Aut(A) is an automorphism of A = E x E of 
finite order r then 

/i r = Tr-i C(hY = Id 

r-l 

implies that Yl £{h) s (y) = 6a and C(h) r = 12- In other words, the automorphisms 

s=0 

h G Aut(A) of finite order have linear parts C(h) G GL(2, R) of finite order. 
From now on, we concentrate on g G GL(2, R) of finite order. 

Proposition 14. // R is the endomorphism ring of an elliptic curve E and g G 
GL(2,R) is of finite order r, then g is diagonalizable and the eigenvalues Xj of g are 
primitive roots of unity of degree Tj — 1, 2, 3, 4, 6, 8 or 12. 

Proof. Let us assume that g G GL(2, R) of finite order r is not diagonalizable. Then 
there exists S G GL(2, C), reducing g to its Jordan normal form 



By an induction on n, one verifies that 



J n = ( A J (n *] A " 1 ] for Vn G N. 



In particular, 



i 2 = s^hs = s-^s = (s-'gsy = r=(^ A J (r ^ 1 ^ 
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is an absurd, justifying the diagonalizability of g. 

is a diagonal form of g then 

J 2 = S^hS = S^g'S = (S^gSy = 

reveals that Ai and A2 are r-th roots of unity. 

Thus, Xj are of finite order rj, dividing r and the least common multiple m = 
LCM(ri,r 2 ) G N divides r. Conversely, 

J A ™ J = (^V?)™ = S- 1 g m S 

implies that g m = ShS' 1 = I 2 , so that r G N divides m G N and r = m. 

Let Aj G C* be a primitive r^-th root of unity. Then the cyclotomic polynomials 
<& rj (x) G Z[x] are the minimal integral relations of Aj. More precisely, the minimal 
integral relations fj(x) G Z[rr] \ Z of Aj are monic polynomials of degree degQ(Aj). 
On the other hand, <& r (x) G Z[x] \ Z are irreducible over Z and Q. Therefore \l/ rj (x) 
are minimal polynomials of Aj over Q and ^ rj (x) = qfj(x) for some q G Q*. As far 
as $ rj (x) and fj(x) are monic, there follows q — 1 and $ rj (:r) = G Z[x]. 

Recall Euler's function 

V? : N — > N, 

associating to each n G N the number of the residues < r < n — 1 modulo n, which 
are relatively prime to n. The degree of $ r .(x) is </ 7 ( r j)- If r j = Pi 1 • • -^C™ * s the 
unique factorization of 7j G N into a product of different prime numbers p s , then 

(K 1 • • -pSt) = <p (pT) ■■■<p (pSt) = - i) • • •iC" 1 (p m - 1)- 

According to Lemma 13, the algebraic integers Aj are of degree 

deg Q (Aj) = deg<f> rj (x) = ipfa) = 1,2, or 4. 

If rj has a prime divisor p > 7 then y?(rj) has a factor p — 1 > 6, so that <p(rj) > 4. 
Therefore Tj = 2 a 3 6 5 c for some non-negative integers a, b,c. If c > 1 then 

V {r 3 ) = V (2 a 3 b M5 c ) = V? (2 a 3 6 )5 c - 1 .4 G {1,2,4} 

exactly when (p(rj) =4, c = 1 and (f(2 a 3 b ) = 1. For 6 > 1 one has 

^(2 a 3 6 ) = i P {2 a )3 b - 1 .2 > 1, 



Ml 

I aU 
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so that (f(2 a 3 ) = 1 requires 6 = and ip(2 a ) = 1. As a result, a = or 1 and rj = 5 
or 10, if 5 divides rj. From now on, let us assume that Tj = 2 a 3 b with a, b G N U {0}. 
If b > 2 then <f(rj) = (p(2 a ).3 b ^ 1 .2 with b — 1 > 1 is divisible by 3 and cannot equal 
1, 2 or 4. Therefore rj = 2 a .3 or rj = 2 a with a > 0. Straightforwardly, 

y?(2 a .3) = 2y?(2 a ) G {1,2,4} 

exactly when (p(2 a ) = 1 or (f(2 a ) = 2. These amount to a G {0, 1, 2} and reveal that 
3,6, 12 are possible values for rj. Finally, <f(rj) = y?(2 a ) G {1,2,4} for rj = 1,2,4 or 
8. Thus, (p( rj ) G {1,2,4} if and only if 

Tj G {1,2,3,4,5,6,8,10,12}. 

In order to exclude rj = 5 and Tj = 10 with tp(5) = y?(10) = 4, recall that Xj is of 



degree deg Q{y/=3) (\j] 

[Q(V-d, Xj) : 
On the other hand, 

implies that 
[Q(>/=d,A J -):Q] = 



-d, Xj) : Q(V^d)] < 2 over Q(y^d), so that 
^d,Xj) : ®(V=d)][Q(V=d) : Q] < 4. 



c Q(Xj) c Q(v /Z rf, Aj) 



-d, A,) : Q(A,)][Q(A,) : Q] = 4[Q(V=d, A,) : Q(A,)] > 4, 



whereas 



-d, Xj) : 



4 and 



-d, Xj) = Q(Xj), so that y^d G Q(Xj) and 
v -) : Q(V=3)] = 



-d, Xj) : Q(Xj)] = 1. Therefore 
H) C Q(Aj) with 



d): 



4 
2 



2. 



As far as Q(v— d) and 
separable), the subfield 



j) are finite Galois extensions of Q (i.e., normal and 
^d) of Q(Ai) of index [Q(Ai) : Q(V^d)] = 2 is the 



fixed point set of a subgroup H of the Galois group Ga 



with \H\ 



2. 



The minimal polynomial of Aj over Q is the cyclotomic polynomial $ rj {x) G Z[x] of 
degree deg($ r ) = (p(rj) = 4 for r 3 - G {5, 10} and the Galois group 

Ga/(Q(A,)/Q) ^ ^ 

coincides with the multiplicative group Z*, of the congruence ring Z r . modulo rj. 
More precisely, the roots of ® rj (x) are {Xj ! s G Z* } and for any s G Z* 3 the 
correspondence Aj >->■ A* extends to an automorphism of Q(Aj), fixing Q. The groups 



Z* = {±l(mod5), ±3(mod5)} = (3(mod5)) = (-3(mod5)) ~ C 4 
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and 



Z* w = {{±l(modlO), ±3(modl0)} = (3(modl0)) = (-3(modl0)) ~ C 4 

are cyclic and contain unique subgroups H$ = (— l(mod5)), respectively, Hiq = 
(— l(modlO)) or order 2. Denote by h the generator of H 5 or H w with h(Xj) = Xj 1 , 
h\Q — Idq. In both cases, the degree 

Q(V=5)] = 2, 



^=d)[A] 



deg Q( ^ ) (A J ) = [Q(Xj,V-d) : Q(V-d)] = [Q(Xj 
so that the characteristic polynomial 

X g {X) = X 2 - tr(g)X + det(g) G R[X] C Q 



of g is irreducible over Q(y/—d). In fact, X g (X) is a minimal polynomial of Xj over 
Q(\/— rf) and divides the cyclotomic polynomial $ r ,,(A) G Z[A] C Q(v^— d)[A] with 
$ r .(Aj) = 0. In particular, the other eigenvalue A 3 _j of <? is a root of $ r .(A) or a 
primitive r,-th root of unity. That allows to express A 3 _j = A* by some t G Z* . 
According to 



A,A* 



Aj-As-j = det( ff ) £ R* C Q(v /Z rf) = Q(A j ) 



one has 



A 



MAf 1 ) = A; 



-t-i 



If A, is a primitive fifth root of unity then A 



or A 

2(t+l) 



2(t+l) 



1. 



1 requires that 2(£ + 1) to be 



divisible by 5. Since GCD(2, 5) = 1, 5 is to divide t + 1 or t = — l(mod5). Similarly, 
if Aj is a primitive tenth root of unity then 10 divides 2(t + 1), i.e., 2(t + 1) = lOz 
for some z G Z. As a result, 5 divides t + 1 and t = — l(modlO). Thus, for any 

ri G {5, 10} there follows A 3 _j = A* = Xj 1 . Expressing Xj = e T i for some natural 
number 1 < s < Tj — 1, relatively prime to r,-, one observes that 



tr(#) = Aj + A 3 -j = Aj + A, 1 = e r i + e" 



2 cos 



2tts 



g i?n 



We claim that R D R = Z. The inclusion Z C i? n R is clear. Conversely, let 

rGRnfi = Mn(Z+ /w_dZ) 

for the conductor / G N of E and from (6). In the case of — d ^ l(mod4) there 
exist a, b G Z with r = a + fy/—db. The complex number a — r + j \J —db = vanishes 
exactly when its real part a — r = and its imaginary part fy/db = are zero. 
Therefore 6 = and r = a G Z, i.e., R n i? C Z for — d ^ l(mod4). 
If -d = l(mod4) then 



r = a + fb 



:i + v=d) 



for some a, 6 G Z 
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yields 



i fb 

r = a + y 
^6 = 



by comparison of the real and imaginary parts. As a result, again b = and r = a G Z, 
i.e., R n i? C Z for -d = l(mod4). That justifies R(l R = Z and implies that 

tr(g) = 2 cos G Z. Bearing in mind the cos (^^j G [— 1, 1], one concludes 

ti(g) = 2 cos ^— J G [-2,2] HZ = {0,±1,±2} or (7) 
/2tts\ f 1 

For a natural number 1 < s < rj — 1, one has ^ G [0, 27r). The solutions of cos(x) = 
in [0,27r) are | and while cos(x) = ±1 holds for x G {0,7r}. Finally, cos(x) = ±| 
is satisfied by rr G {|, so that (7) implies 

27TS J 7T 37T 7T 27T 47T 57T 

~ G \ ' 2'^ T' 3' T' T'T 

For r 3 - = 5 or 10 this is an absurd, so that 

rj e {1,2,3,4,6,8,12}. 

□ 

Now we are ready to describe the elements of GL(2, R) of finite order, by specifying 
their eigenvalues Ai, A 2 . The roots Ai, A 2 of the characteristic polynomial 

X g {\) = A 2 - tr(^)A + det(^) G R[X] 

of g are in a bijective correspondence with the trace tr(g) = Ai + A 2 G R and the 
determinant det(g) = AiA 2 G R* of (7. Making use of Lemma 8, we subdivide the 
problem to the description of finite order g G GL(2, R) with a fixed determinant 
det(g) G R*. The traces of such g take finitely many values and allow to list explicitly 
the eigenvalues of all g G GL(2, R) of finite order. The classification of the unordered 
pairs of eigenvalues Ai, A 2 of g G GL(2, R) of finite order is a more specific result than 
Proposition 14. Note that the next classification of Ai, A 2 is derived independently of 
Proposition 14. 

Let us start with the case of det(g) = 1. The next proposition puts in a bijective 
correspondence the traces tr(g) of g G SL(2, R) with the orders r of g. 
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Proposition 15. If g G SL(2,R) is of finite order r then the trace 

tr(g)G{±2, ±1, 0}. (9) 
The eigenvalues Ai, A2 of g are of order 

n = r 2 = re {1,2,3,4,6}. (10) 

More precisely, 

(i) tr(g) — 2 or \\ — \ 2 — 1, g — I 2 if and only if g is of order 1; 

fnj tr(g) = — 2 or Ai = A2 = —1, (? = — ^2 i/ and only if g is of order 2; 

(Hi) tr(g) = 1 or Xi — e 2 ^ , X 2 — if and only if g is of order 6; 

(iv) tr(g) = —1 or Ai = e~3~ ; A2 = e~~ and on/?/ if g is of order 3; 

(v) tr(g) = or \\ = i, \ 2 = —i if and only if g is of order 4. 

Proof. If g G SL(2, R) is of order r then the eigenvalues Aj of g are of finite order r,-, 
dividing r = LCM(r-i,r 2 ). According to 

1 = det(g) = AiA 2 , 

2ivis 2iris 

one has Ai = e r i , A2 = e ri for some natural number 1 < s < ri — 1, relatively 
prime to r\. Thus, A2 is a primitive ri-th root and r\ = r 2 = LCM{r\,r 2 ) = r. As in 
the proof of Proposition 14, 

2ivis 2nis l2lis\ 

tr(o) = Ax + A 2 = e -1 +e -1 =2 cos Glni? = Z 



ri 



and cos (^f^j £ [ — 1) 1] specify (9). Consequently, 



cos ^— ^ G jo, ±i, ±l| and 

27TS J 7T 37T 7T 27T 47T 57T 

7T G I 2' 7r ' T' 3' T' T' T 

as in (8). Straightforwardly, Ai = e° = 1 is of order 1, Ai = e m = — 1 is of order 2, 
Ai G |e^, e^ 2 " 1 are of order 4, Ai G je^r, | are of order 3 and Ai G |eir, e 2 ^ | 

are of order 6. That justifies (10). 

If g is of order r = 1 then Ai G C* is of order T\ — 1, so that Ai = 1. Consequently, 
A2 = 1 and g = I 2 , as far as ^2 is the only conjugate of the scalar matrix I 2 . The 
trace tr(g) = tr(/2) = 2. Conversely, if Ai = A2 = 1, then g = I 2 is of order 1. 

An automorphism g G SL(2,R) of order r = 2 has eigenvalues Ai,A2 G C* of 
order 2, or Ai = A2 = — 1. Consequently, g = — J 2 and tr(g) = —2. Conversely, for 
Ai = A 2 — 1 the matrix g = — 1 2 is of order 2. 
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Let us suppose that g G SL(2,R) is of order 3. Then the eigenvalues Ai,A2 
of g are of order 3 or Ai = e^r, A2 = e ^ , up to a transposition. The trace 
ti(g) = Ai + A2 = —1. Conversely, if Ai = e~ , A 2 = e~~ then r = r x = r 2 = 3. 

For g G SX(2, -R) of order 4 one has Ai, A 2 G C* of order 4 or Ai = i, A 2 = —i, up 
to a transposition. The trace tr(g) = Ai + A 2 = 0. Conversely, for Ai = i, A 2 = —% 
there follows r = ri = r 2 = 4. 

Suppose that g G SL(2,R) is of order 6. Then Ai,A 2 G C* are of order 6 or 
Ai = eir, A 2 = e -2 ?, up to a transposition. The trace ti(g) = Ai + A 2 = 1. Conversely, 
the assumption Ai = eir, A 2 = implies r = r\ = r 2 = 6. 

Note that 

2i=(_3 J), <?2 = (J ^3=(J _J ) G5L(2,Z)C5L(2,i?) 

with tr((7!) = —1, tr(y 2 ) = 0, tr(g 3 ) = 1 realize all the possibilities, listed in the 
statement of the proposition. 

□ 

If E is an elliptic curve with complex multiplication by an imaginary quadratic 
number field Q(y/—d) and conductor / G N then we denote the endomorphism ring 
of E by 

R- dJ = Z + fO- d = Z + fu- d Z, 

where U- d is the non-trivial generator of 0- d as a Z-module, given in (6). If E has 
no complex multiplication, we put 

R-0,1 '■= 

Proposition 16. Let g G GL(2, R- d j) be a linear automorphism of A = E x E of 
order r, with det(g) = —1 and eigenvalues Xi(g), X 2 (g) G C*. 

(i) The automorphism g is of order 2 if and only if its trace is tr(g) = or, 
equivalently, Xi(g) = — 1, X 2 (g) = 1. 

" (ii) IfR- d j ± Z\i],0- 2 ,0- 3 ,R- 3 , 2 then any g G GL(2,R_ dJ ) \ SL(2,R) is of 
order 2. 

(Hi) If g G GL(2, 0_ 2 ) is of order r > 2 and det(g) = —1 thenr = 8 and the trace 
tr(g) G {±v^2}. 
More precisely, 

(a) tr(g) = y/^2 if and only if Xi(g) = eT, X 2 (g) = e^r ; 

(b) \x{g) = if and only if Xi(g) = e^r , X 2 (g) = e'^ . 

(iv) If g G GL(2,Z[i]) is of order r > 2 and det(g) = —I, then r G {4, 12} and 
the trace tr(g) G {±i, ±2i}. 
More precisely, 

(a) tr(gr) = 2i exactly when g = il 2 ; 

(b) tr(g) = — 2i exactly when g = —il 2 ; 
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7rz \ / \ 57ri 

e s , A 2 (g) = e e 
= e 1 ^ , A 2 (g) 



(cj tr(g) = i exactly when X\(g) = 
(d) tr(g) = —i exactly when Xi(g) = e~s~ ; A 2 {g) = e~~§~ 
(v) If g G GL{2, R- 3J ) with R- 3J G {R- 3)1 = 0- 3 , R-3,2 = Z + v^3Z} is of 
order r > 2 and det(g) = — 1 then r = 6 and t/ie trace tr(g) G {±V — 3}. 
More precisely, 

(a) tr(g) = v^3 i/ and only if Xi(g) = ef , X 2 (g) = ei 2 ; 
^ tr(g) = -v^3 i/arad on/y if X x (g) = e"~r ; A 2 (g) = e~f . 

Proof. The eigenvalues Ai(g),A 2 (g) G C* of g G GL(2, R-dj) with det(g) = —1 are 
subject to A 2 (g) = — A 1 (g)~ 1 . More precisely, if Ai(g) = e r i is a primitive r x -th root 
of unity then A 2 (g) = — e r i . The trace 



tr(g) = A 1 (g) + A 2 (g) = e- 
We claim that 



2-Ksi 

e r i = 2i sin 



2?rs\ 

n J 



e R- d j n 



(11) 



n 




for -d ^ l(mod4) or -d = l(mod4), / = l(mod2), 
dZ for -d = l(mod4), / = 0(mod2). 



Z + f yf^dZ contains 
' n R- d j with rel, 
^Z and iRnR-d,f = 



Indeed, if — d ^ l(mod4) then O-d = Z + y/— dZ and R-dj - 
fy/^d, i.e., fy/^dZ C n z'R. Any z'r = a + bfy/^d G i 

a,b G Z has imaginary part r = bfy/d, so that iRfl-R-d / C /v 
/v^Z. 

Suppose that — = l(mod4) and the conductor / = 2/c + 1 G N is odd. Then 
R-d,2k+i = Z + Z ^+^ Z contains /v 711 ^ = -/ + (2/) (1+ f^ , so that /v^rfZ C 



2 ^ w " u "'" u ^ v J \ J J 2 

R-d,2k+i n iK. Any ir = a + ^-(1 + v 7 ^) with r G R, a, 6 G Z has real part a+ ^ = 
and imaginary part r = ^yfd. Note that y = b( - 2 ^ +1 ' 1 = —a G Z is an integer only 
for an even 6 = 2b\, b\ G Z, so that r = bifyfd and iR fl R-d,2k+i Q fy/—dZ. That 
justifies iR n R- d ,2k+i = fV^dZ for -d = l(mod4), / = l(mod2). 

Finally, for — d = l(mod4) and an even conductor / = 2k G N the endomorphism 
ring R-d,2k = Z + fc(l + \f^d)Z contains kyf^d, so that ky/^dZ Ciln R-d,2k- Note 
that ir = a + 6/c(l + y/— d) with r G R, a, 6 G Z has real part a + bk = and imaginary 
part r = bky/d, so that z'R fl R-d,2k Q ky/ —dZ and iR fl R-d,2k — ky/—dZ. 

Now, (11) implies that 



2 sin 



2tts 
ri 



-2,2]ni(i2_ di/ n 



ZK = 



[-2, 2] n /v^Z for -d ^ l(mod4) or -d = l(mod4), / = l(mod2), 
[-2, 2] n Iv^Z for -d = l(mod4), / = 0(mod2). 
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If d > 5 then Vd > y/E > 2 and [-2, 2]nfy/dZ = {0} for V/ G N and [-2, 2]n£>/dZ = 

{0} for V/ G 2N. Note that sin (7^) = for some natural number 1 < s < r ± - 1 

with GCD(s,ri) = 1 has unique solution ^ = n, since ^ G (0, 27r). That implies 

2s = ri, whereas s divides ri and s = GCD(s,ri) — 1, r± — 2. Thus, Ai = e~ = 
e 7 ™ = —1, A2 = —(—1) = 1 and g is conjugate to 



D 9 



-1 
1 



In particular, g is of order 2. Note that the case of g G GL(2,R) with Ai = — 1, 
A 2 = 1 is realized by the diagonal matrix D 2 G GL(2, Z) < GL(2, R-d,f)- 

If d = 1 and / > 3 then 2 sin G [-2,2] n fl = {0} and D 2 is the only 

diagonal form for g. For d = 2 and / > 2 the intersection [—2, 2] fl f\/2Z = {0}, so 
that any g G GL(2, R-2j) with / > 2 and det(g) = —1 is conjugate to D 2 . If d = 3 
and / = 2A; + 1 > 3 then [-2, 2] n fV3Z = {0}. Similarly, for d = 3 and / = 2k > 4 
one has [—2, 2] fl k\f?>7h = {0}. In such a way, the existence of g G GL(2, R-dj) with 
det(g) = — 1, tr(gr) 7^ requires R~dj to be among 



= O-i = Z[i], i2_i )2 = Z + 2iZ, #-2,1 = CL 2 = Z + V-2Z, 
i?_ 3>1 = CL 3 = Z + 1 + /~^ Z or i?_ 3i2 = Z + 2 f Z = Z + v^Z. 



The next considerations exploit the following simple observation: If a, b are rel- 
atively prime natural numbers and s, r 1 are relatively prime natural numbers then 
as = br\ if and only if s = b and r\ = a. Namely, b divides as and GCD(a,b) = 1 
requires b to divide s. Thus, s = bsi for some s\ G N and as± = T\. Now S\ is a 
natural common divisor of the relatively prime s, r\, so that s\ = 1, s = b and r\ = a. 

For d = 1 and / = 2 one has 2 sin ) G [-2, 2] n /Z = {0, ±2}. Let tr(#) = 2? 

or sin j = 1 for n G N and some natural number 1 < s < r± — 1, GCD(s, r\) = 1. 

Then ^ = | or 4s = ri. As a result, s = 1, ri = 4 and Ai = e 2 ^ = i, \ 2 = — = i. 
Now g = il 2 as the unique matrix, conjugate to the scalar matrix il 2 . However, 
il 2 GL(2, -R-1,2) = GL(2, Z + 2«Z), so that g = i/ 2 is not a solution of the problem. 
For tr(g) = — 2i one has sin ^77^ = — 1, whereas 2E£ = ^ and 4s = 3r x . Thus, 

s = 3, ri = 4 and Ai = e^r = —i, \ 2 = —e^^ = —i. That determines a unique 
g = -il 2 . But -il 2 £ GL(2,R_ h2 ) = GL(2,Z + 2iZ), so that A x = 1, A 2 = -1 are 
the only possible eigenvalues for g G GL(2, -R-1,2) of finite order with det(g) = — 1. 

In the case of d = 1 and / = 1, note that 2 sin G [-2, 2] n Z = {0, ±1, ±2}. 

Besides g G GL(2,Z\i}) with det(#) = -1, tr(g) = 0, one has g = il 2 G GL(2,Z[i]) 

and g = — il 2 G GL(2,Z[i]). The case of tr(y) = 2 corresponds to sin (77) = | 
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2 1 2 

sin 



and holds for ^ = | or ^ = ^. Note that 12s = r\ implies s = 1, n = 12 

and Ai = = ^ + A 2 = — = — ^ + |i = e^r. Thus, g is of order 
r = LCM(12, 12) = 12. This possibility is realized, for instance, by 

g(i) =(^ 1 . ( _ x + G GL(2,Z[i]) with det(<7(i)) = -1, tr(^(i)) = i. 

If 12s = 5ri then s — 5, ri = 12 and Ai = e 2 ^ = — ^ + 1^ \ 2 = ~e~^t = 
+ \i — e 2 ^, which was already obtained. Note that tr(g) = —% amounts to 

(2ns\ = 1 d holdg f 2™ = Jn Qr 2™ = lljr j f u = ? then = 7 
V ri / 2 n 6 n 6 1 

ri = 12 and Ai = e"^ 1 = — ^ — A 2 = — e~"ir = ^ — |i = e -2 ? and g is of order 
r = LCM(12, 12) = 12. Note that 

g(-i) = ( _ X . ( _ 1 _ .J ) G GL(2,Z[i]) with det(g(-i)) = -1, tr(^(-i)) = -i 

realizes the aforementioned possibility. 

In the case of 12s = llri one has s — 11, T\ — 12 and Ai = e 1 ^ 0- = ^ — \h 
A 2 = — e^? = — ^ — |i, which is already listed as a solution. That concludes the 
considerations for g G GL(2,1i[i]) with det(g) = —1. 

If d = 2 and / = 1 then 2 sin (^j G [-2,2] n V^Z = {d,±^2}. Note that 

sin {^j = & holds for 2s£ = f or 2ze« = 2p. The equality n = 8s implies s = 1 and 

ri = 8. As a result, Ai = = ^ + A 2 = -e"^ = + &i = e^r . Observe 
that 

g{sT=2)=( r± , 1 gGL(2,0_ 2 ),0_ 2 = Z + v / =2Z 



^=2 (-1 + V=2 

with det(g(\/— 2)) = — 1, tr(g(\/— 2)) = V~ 2 realizes the aforementioned possibility. 
If 8s = 3ri then s = 3, n = 8 and X 1 = = + A 2 = -e"^ = ^ + &i = 
eT* . These eigenvalues have been already mentioned. 

For sin (^] = there follows 2™ = M or 2™ = Zze. If 8s = 5n then 

s = 5, n = 8 and Ax = = - ^i, A 2 = -e"¥ = ^ - ^ = e ~¥. The 
corresponding automorphism (7 is of order r = LCM(8, 8) = 8. Note that 

S(-V^)=(_y^ ( _ 1 _y=2))eGL(2,0_ 2 ) 

with det(g(— v^— 2)) = — 1, tr((?(— ->/— 2)) = — v^— 2- realizes this possibility. In the 
case of 8s = 7r l5 one has s — 7, ri = 8. The eigenvalues Ai = e"^ — ^ — ^i, 
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A 2 = — e 7 T = —y^ — &i were already obtained. That concludes the considerations 
for d = 2. 

If d = 3 and / = 1, note that 2 sin (^j G [-2, 2] n V3Z = {0, ±V%}- Similarly, 

forrf = 3 and/ = 2 one has 2 sin (^j G [-2,2]n v / 3Z = {0,±VS}. If sin = ^ 

then — = f or — = In the case of 6s = n there follows s = 1, n = 6. The 

eigenvalues A x = e 2 ? = \ + ^i, A 2 = — = — I + = and c/ is of order 
r = LCM(6, 3) = 6. The automorphism 

9(^3) = ( y4 (-1 + v^3) ) G GL(2 ' i?_3 ' 2) " GL(2 ' ^ 

with det(g(\/— 3)) = — 1, tr(g(v^— 3)) = v / — 3 realizes the aforementioned possibility. 
If 3s = r 1 then s — 1, r\ — 3 and Ai = e^?r = — ± + A 2 = — e^ '^ — \ + = , 
which was already obtained. 

If sin ( ^] = then ^ = 4f or ^ = 4f • In the case of 3s = 2r 1 note 

that s = 2, 7*1 = 3 and Ai = e^i 2 = — | — A 2 = — = | — = e _ ir. 
The automorphisms <? with such eigenvalues are of order r = LCM(3, 6) = 6. In 
particular, 

g(-V^s) = ( (-1 _ ^ ) G GL ( 2 ^-3, 2 ) < GL(2,G_ 3 ) 

with det(^(— \/— 3)) = — 1, tr(g(— 3)) = — v^— 3 realizes the aforementioned possi- 
bility. 

If 6s = 5ri then s = 5, r x = 6 and Ai = = e -2 ? — | — ^i, A 2 = — e 2 ? = 
— 2 — = e~3~. These eigenvalues are already obtained. That concludes the con- 
siderations for d = 3 and the description of all g G GL(2, R-dj) with det(g) = —1. 

□ 

Proposition 17. If g G GL(2,Z[i]) is of finite order r and det(g) = i then 

tr(<7)e{0,±(l + i)}, re {4,8}. 

More precisely, 

(i) tr(g) = or \i = e~ , A 2 = e~~ if and only if g is of order 8; 

(ii) iftr(g) = 1 + % or Ai = % , A 2 = 1 £/ien (7 zs of order 4; 

(^mj iftr(g) = —1 — i or Ai = — i, A 2 = —1 then g is of order 4. 

Proof. If Ai = e r i for the order r x G N of Ai G C* and some natural number 

-1 2irsi 

1 < s < 7*1, GCD{s,r 1 ) = 1, then A 2 = det(p)A 1 " = ie r i . Therefore, the trace 



tr(#) = Ai + A 2 = 



27rsA . f 2ns 
cos + sm 



T\ J V r l 
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V2 sin + ^j(l + i)e Z[i] = Z + u 



if and only if the real part 



sin + ^GZn [- A v^] = {0, ±1}. 

As a result, tr(#) G {0, ±(1 + i)}. If ti(g) = or, equivalently, sin + f j = for 

— + t e f t, ¥) then 2™ + 2 = 7T or 2™ + £ = 2tt. For ^ = f there follows 8s = 3n 

n 4 v. 4 ' 4 / n 4 n 4 n 4 1 

and s = 3, r\ = 8. As a result, Ai = e^r = — ^ + A2 = ie - ^ = ^ — = e - ^ 
and g is of order r = LCM(8, 8) = 8. For instance, 

ft(0)=( ( _ 1 _ i) < _*)gGL(2,Z[<]) 

with det(pi(0)) = i, tr(^(0)) = attains this possibility. 

If ^ = I then 8s = lr\ and s = 7, ri = 8. The eigenvalues Ai = e - ^ = e -2 ? = 
^ — A2 = ie 2 ? = —^y + -^i = are already obtained. 

In the case of tr(g) = 1 + i, one has sin + f ) = which is equivalent to 

— + 7 = for — + 7 G (t, ¥)■ Now, ^ = i whereas 4s = n and s = 1, n = 4. 

ri 4 4 n 4 V 4 ' 4 / ' rj 2 ' - 1 - ' x 

The eigenvalues are Ai = e 2 ? = 2, A 2 = ie' 1 ^ = 1 and g is of order r = LCM (4, 1) = 4. 
Note that 

fc(l + 0=(o J) eGL(2,Z[<]) 

with det((?j(l + i)) = i, tr(</j(l + i)) = 1 + % realizes this case. 

Finally, for tr(g) = — 1 — i there follows sin + |^ = — Consequently, 
2m + f = or ^ + ^ = ^ for ^ + f G (f , In the case of ^ = 1 one has 

ri 4 4 n 4 4 n 4 V 4 ' 4 / ri 

s = 1, r\ = 2. The eigenvalues of g are Ai = e nl = —1, A 2 = ie~ nl = —i, so that g is 
of order r = LCM(2,A) = 4. This possibility is realized by 

<fc(-l-i) = ( 7 _°! ) GGL(2,Z[<]) 

with det(^(-l - i)) = i, tr(^(-l - i)) = -1 - i 

If — = | then 4s = 3r 1 and s = 3, r\ — 4. The eigenvalues Ai = eir = —i, A 2 = 

ie~~^ = — 1 are already obtained. That concludes the description of the eigenvalues 
of all g G GL(2,Z[i]) of finite order with det(g) = i. 

□ 

Proposition 18. If g G GL(2,Z[i]) is of finite order r and det(g) = —i then 

tr(<7)e{0,±(l-i)}, re {4,8}. 
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More precisely, 

(i) tr(g) = or Xi = , A 2 = e~ if and only if g is of order 8; 

(ii) iftr(g) = 1 — i or Ai = —i, A2 = 1 then g is of order 4; 
(Hi) iftr(g) — — 1 + i or \± = i, A 2 = — 1 then g is of order 4. 

2lTSi 27TSj 

Proof. If one of the eigenvalues of g is Ai = e r i then the other one is A2 = — ie r i . 
Thus, the trace 

tr(g) = A + A 2 = 



cos 



(-)- sm (-)J (1 - l) = ^ C0S (- + i) (1 - !) 

belongs to Z[i] = Z + Zi if and only if v^oos + f ) eZ. As a result, 
v^cos ^ + ^jezn [-V2, v^2] = {0, ±1} 

or tr(g) E {0,±(1 - i)}. Note that tr(g) = reduces to cos (jf + f ) = with 

solutions 2M + ^ = ^or^ + 5 = ^. If - = z then 8s = n and s = 1, n = 8. The 

n 4 2 n 4 2 n 4 1 ' 1 

eigenvalues of (7 are Ai = = ^ + ^2, A 2 = —ie^ 1 ^ = — ^ — and g is of order 
r = LCM(8, 8) = 8. Note that 

MO) = ( (-1 _ ;)eGL(2,Z[i]) 

with det(y_j(0)) = — i, tr(<7_j(0)) = realizes the aforementioned possibility. In the 
case of ^ = I there holds 8s = 5r l5 whereas s = 5, r\ = 8 and Ai = = — ^ — ^i, 

A 2 = — ie~^ = ^ + = e 2 ^. This case has been already discussed. 

For ti(g) = 1 - % one has cos (77 + f ) = if, which reduces to ^ + f = ^ for 

77 + f e (f , x)- Now = I reads as 4s = 3r i and determines s = 3, n = 4. 
The eigenvalues of 5 are Ai = e 2 ^ 1 = — j ; A 2 = — ie~'^ L = 1 and 5 is of order 
r = LCM{A, 1) = 4. This possibility is realized by 



ff-i(l-0=( J)eGL(2,ZM) 



with det(gi_i(l — «)) = — i, tr(g>_j(l — i)) — 1 — i 

Finally tr(g) = — 1 + i is equivalent to cos (77 + !)=— ^ an d holds for ^ + 

2: = or 222 + 2: = sir. In the case of ^ = ± one has 4s = n and s = 1, 
4 4 n 4 4 n 2 ' 1 

ri = 4. The eigenvalues of g are Ai = e 2 ? = i, A 2 = — ie -2 ? = — 1 and 5 is of order 

r = LCM(4, 2) = 4. The automorphism 



^(-1 + 0= (q _J)gGL(2,ZM) 
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realizes the case under discussion. For — = 1 there follow s — 1, n = 2 and 
Ai = e 7 ™ = —1, A2 = — ie~ m = i, which was already discussed. That concludes the 
description of the automorphisms g E GL(2,Z[i}) with det(g) = —i. 

□ 

Proposition 19. If g E GL(2, C_ 3 ) is of finite order r and det( g ) = €T then 

r = 6 and tr(g) E < 0, ± ( - H — 

More precisely, 

(i) tr(g) = exactly when Ai = e~ , A 2 = e~~ ; 

(ii) ti(g) = § + exactly when X 1 = , A 2 = 1; 

fmj tr(g) = — I — ^^p- exactly when Ai = e~~ ; A2 = — 1. 

27rsi lit si 

Proof. If Ai = e r i then A 2 = e^~e r i and the trace 

tr(g) = A x + A 2 = (v^ + i) sin + ^ 

belongs to CL 3 = Z + ±±^Z if and only if sin + f ) G ^Z. Combining with 
sin (^p + f ) e [-1, 1], one gets sin (7^ + §) G ^ Z n [-1, 1] = {o, and, 
respectively tr(g-) G jo, ± + ^F) }■ 

If sin + I ) = then 2™ + f = vr or 2™ + f = 2tt. For ^ = f there follows 

V ri 3 V n 3 n 3 n 3 

s = 1, ri = 3 and Ai = e 3 = — i + ^-^ 5 A 2 = e 3 e 3 = e 3 = f — -^y 2 - The 
automorphisms <? G GL(2 : CL 3 ) with such eigenvalues are of order r = LCM(3, 6) = 
6. For instance, 



2iri 



e \ 1 ) e GX(2, 0_ 3 ) 

e 3 

attains the aforementioned possibility. 

In the case of ^ = | one has s = 5, ri = 6 and Ai = e~^~, A 2 = e^~e~3~ = e~ , 
which was already obtained. 

Note that sin + § ) = & for ^ + § G (f , ^) implies 77 + § = , whereas 

6s = T\ and s = 1, r\ = 6. The corresponding eigenvalues are Ai = e 2 ? = | + ^i, 
A 2 = ei^e'ir — 1 an d g is of order r = LCM(6, 1) = 6. Note that 



— n 

e 3 
1 



GGL(2,G_ 3 ) 



realizes this possibility. 
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The equality sin (77 + f) = holds for ^ + f = f or ^ + f = f . If 

2s = n then s = 1, n = 2 and A x = = -1, A 2 = eie"" = e"™ = -± - ^i. 
The automorphism (/ is of order r = LCM(2, 3) = 6. Note that 

attains this possibility and concludes the proof of the proposition. 

□ 

Proposition 20. //<? G GL(2, O-3) is of finite order r and det(g) = then 
r = Q and tv(g) G jo, ± Q - ^ 

More precisely, 

(i) tr(g) = exactly when \\ = e~ , A 2 = e"~; 
(nj tr(g) = I — exactly when Ai = e -2 ?, A2 = 1; 
fmj tr(g) = — I + ^2 exactly when Ai = ""ir, A 2 = — 1. 

27TSZ ^ j 27TSi 

Proof. If Ai = e r i then \ 2 = e~~e r i and the trace 

tr(g) = \ 1 + \ 2 = + i) sin - 

belongs to CL 3 = Z + ±±^Z if and only if sin (7^ - f ) G As a result, 

sin (? = f)e^Zfl [-1, 1] = {0, ±f } and trfo) G {o, ± (| - fz) }. 

The equation sin - = for ^ - § G (-f , ^) has solutions 2ze« - | = 
and ^ _ z = 

If 6s = ri then s = 1, ri = 6 and Ai = = \ + ^i, A2 = e _2 ?e -2 ? = 
— I — ^i. The automorphisms 5 G GL(2, C_ 3 ) with such eigenvalues are of order 
r = LCM(6, 3) = 6. For instance, 



— n 

e 3 
e 3 



GGL(2,0_ 3 ) 



attains this case. 

If sin = & then ^-f = for^-f = ^. For 3s = n one has 

V ri 3 I 2 ri33ri33 1 

s = 1, ri = 3 and Ai = = — 1 + A 2 = e - !^ - ^ = e _7n = —1, attained by 



2ii „ 
e 3 

-1 



GGL(2,G_ 3 ). 
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All g G GL(2, O-3) with such eigenvalues are of order r = LCM(3, 2) = 6. 

In the case of 2s = T\ there follows s — 1, T\ — 2 and Ai = e 7 ™ = —1, A2 = 
e^^e - ^ = e~~^, which is already discussed. 

The equation sin (^f - § ) =-f for^-|e (~f > t) has solution 7T ~~ f = 
Therefore 6s = 5ri and s = 5, r x = 6, As a result, Ai = = | — ^i, 
A 2 = e~3 i e 2 ? = 1 and g is of order r = LCM(6, 1) = 6. Note that 

e 3 



, / eGL(2,G_ 3 ) 
attains this possibility and concludes the proof of the proposition. 

□ 

Proposition 21. If g E GL(2, CL3) is of finite order r and det(g) = then 



tr(g) G { 0, ± (1+ . } , ±(1 + y/=3) [> , re{3,6, 12}. 



More precisely, 

(i) tr(g) = or Xi = e~ , A2 = e~~& if and only if g is of order 12; 

(ii) iftr(g) = i±y^ or Ai = e~ , A2 = 1 then g is of order 3; 
(Hi) iftr(g) = —1 — y/3i or g = e~^r I 2 then g is of order 3; 

(iv) iftv(g) = ~ 1 ~ v ^ t or X 1 = e"^, A 2 = —1 then g is of order 6; 

(v) iftr(g) = 1 + V3i or g = e 1 ^ J 2 then g is of order 6. 

lit si 2ni 2"Ksi 

Proof. If Ai = e r i then A 2 = e~e r i and the trace 

tr((?) = Ai + A 2 = (1 + V3i) sin + ^ 

belongs to CL 3 = Z + li^Z if and only if 2 sin (7^ + f ) G Z. Combining with 
sin + f ) e [-1, 1], one obtains 2 sin + f ) G Z n [-2, 2] = {0, ±1, ±2} and, 



respectively, 



tr(^)G<|0,± (1+ o ^ ) ,±(l + v / 30 



If sin + 7^ = for — + ? G (£, ^) then ^ + £ = tt or ^ + £ = 2vr. 

V ri 6 y ri 6 V 6 ' 6 / ri 6 n 6 

For 12s = 5ri one has s = 5, T\ = 12 and Ai = e'lr = — ^ + |i, A 2 = e^e"^ = 
e _« = _ U Therefore g is of order r = LCM(12, 12) = 12. Note that 



— n 

e 6 
e e 



GGL(2,0_ 3 ) 
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attains this possibility. 

_ In the case of 12s = llri there follows s = 11, r\ = 12. As a result, Ai = e~s~ = 
^ — |i, A2 = e^e^ = e^ 1 = — ^ + |i, which was already obtained. 

If sin + I ) = \ for — + ^ G (f , ^) then 2™ + £ = ^ and 3s = n. 

\ ri 6 I 2 n 6 V 6 ' 6 / n 6 6 1 

Therefore s = 1, n = 3 and Ai = = — \ + ^i, A2 = e~r 'e~^~ = 1. The order of 
g is r = LCM(3, 1) = 3. This possibility is attained by 

J) GGL(2,0_ 3 ). 

The equation sin ( 2™ + f = -I has solutions ^ + £ = ^and^ + £ = ±^. 

y ri 6 y 2 ri 6 6 ri 6 6 

If 2s = r\ then s = 1, r\ = 2, Ai = e m = —1, A 2 = e^e" 7 ™ = e - ^ — \ — and 
g is of order r = LCM(2, 6) = 6. For instance, 

('"J, _J ) e GL(2, G_ 3 ) 

attains these eigenvalues. 

For 6s = 5ri one has s = 5, n = 6 Ai = e 3 = e 3 = ^ — -^p, A 2 = e 3 e 3 = 
e m = —1, which is already obtained. 

Note that sin + f ) = 1 is equivalent to ^ + | = |, whereas 6s = ri and 

s = 1, ri = 6. The eigenvalues Ai = e 3 = ^ + A 2 = e 3 e 3 = e 3 = ± + -^^—i 
are equal, so that g = e^I 2 and r = LCM(6, 6) = 6. 

If sin (77 + f) = -1 then ^ + f = f and 3s = 2n, s = 2, n = 3. Then 

Ai = e 3 =e 3 = — - — A2 = e 3 e 3 =e 3 determine uniquely g = e 3 1 2 
of order r = LCM(3, 3) = 3. That concludes the description of g E GL(2, O-3) of 
finite order and det(g) = e~ir. 

□ 

Proposition 22. If g E GL{2, CL 3 ) zs of finite order r and det(g) = e - ^ t/ien 

tr(ff) € |o,± ij— ^ES , ±(l_y=3)|, re {3,6,12}. 
More precisely, 

(i) tr(g) = or A x = e"e" ; A 2 = e~ 5 ^ z/ and only if g is of order 12; 

(ii) iftr(g) = or Ai = e - ^, A 2 = 1 t/^en 5 is 0/ order 3; 
(raj iftr(g) = — 1 + \^3i or g = e^ 1 J 2 t/^en g z's 0/ order 3; 

(iv) iftr(g) = r Ai = e~ , A 2 = —1 then g is of order 6; 

(v) iftr(g) = 1 — \f?>i or g = e~~ I 2 then g is of order 6. 
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Proof. If Ai = e r i then A 2 = e s"e r i and the trace 

tr(<?) = Ai + A 2 = (-1 + y/Zi) sin - ^ 

belongs to 0- 3 = Z + ±±^Z if and only if 2 sin (^f - f ) G Z. Combining with 

2 sin (^-f) G [-2, 2], one concludes that sin — f ) e {0, ±±, ±1} and tr(#) G 

|0,±(lz^),±(i_^)}. 

If sin f 2™ - = with 2z£ - I e (-1, ^) then 2M-£ = 0or^-£ = 7r. 
\ n b / n o v 6 1 6 / no no 

For 12s = ri one has s = 1, r\ = 12, Ai = e e = ^ + A 2 = e » e e = 

e - 1r = - |i 5 so that g is of order r = LCM(12, 12) = 12. For instance, 

6 ~ n _J ) GGL(2,G_ 3 ) 
attains this case. 

For I2s = lv\ there follows s = 7, ri = 12, Ai = e e = e e , A 2 = e see = 
eir, which is already discussed. 

In the case of sin - f ) = \ note that ^-£ = for^-£ = ^. 

\ ri b J 2 n b o nob 

If 6s = r\ then s — 1, n = 6, Ai = e s = ± + A 2 = e 3 e 3 = e ^ — — 1 
and # is of order r = LCM(6, 2) = 6. Note that 



e3 _° ) eGL(2,0- 3 ) 
attains this case. 

For 2s = r\ there follows s — 1, r\ — 2, Ai = e 7 ™ = —1, A 2 = e^^e^ir = e^'ir = 
e"3", which is already obtained. 

Note that sin - f ) = -± for ^-f G (-£ , implies ^-f = ^, whereas 

\ri 6/ 2 rio \ 6 ' 6 / r rio 6' 

3s = 2r 1; s = 2 and n = 3. Then Ai = e^r = -\ - A 2 = e'^e'^ = e' 2iri = 1 
and g is of order r = LCM(3, 1) = 3, attained by 

^ j) eCL(2,0_ 3 ). 

If sin (2E£ - §) = 1 then ^ - | = | or 3s = r x . As a result, s = 1, n = 3, 

Ai = e 3 = — i + A 2 = e 3 e 3 = e 3 , whereas g = e 3 I 2 e GL(2, O-3) is a 
scalar matrix of order 3. 

Finally, sin — | j = — 1 holds for ^ — | = i.e., 6s = 5ri and s = 5, ri = 6. 

Now Ai = e 3 = - — -^2, A 2 = e 3 e 3 = e 3 , so that g — e 3 y 2 g GL(2, C_3j is 
a scalar matrix of order 6. That concludes the proof of the proposition. 

□ 
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3 Finite linear automorphism groups of E x E 



The classification of the finite subgroups K of SL(2, R) for an endomorphism ring R 
of an elliptic curve E starts with a classification of the Sylow subgroups H p u of K. 

Proposition 23. If K is a finite subgroup of SL(2, R) then K is of order \K\ = 2"3 6 
for some integers 0<a<3, 0<6<1. 

If K is of even order then the Sylow 2-subgroup H 2 a of K is isomorphic to C 2 , C 4 
or the quaternion group 



If the order of K is divisible by 3 then the Sylow 3-subgroup H 3 of K is isomorphic 
to the cyclic group C 3 of the third roots of unity. 

Proof. According to the First Sylow Theorem, if \K\ = p™ 1 . . .p" ls for some rational 
primes pj G N and some mj G N, then for any 1 < % < k there is a subgroup H p % < K 
of order \H p i\ = p l j. In particular, any H p . = (g Pj ) — C Pj of prime order pj, dividing 
\K\ is cyclic and there is an element g p G K of order pj. By Proposition 15, the 
order of an element g G SL(2,R) is 1,2,3,4,6 or oo. As a result, if g G SL(2,R) is 
of prime order p then p = 2 or 3. In other words, K is of order \K\ = 2 a 3 b for some 
non-negative integers a, b. 

Suppose that b > 1 and consider the Sylow subgroup H 3 t < K of order 3 b . Then 
any h G H 3 b \ {I 2 } is of order 3 since there is no g G SL(2, R), whose order is divisible 
by 9. We claim that H 3 b = (hi) ~ C 3 is a cyclic group of order 3. Otherwise, b > 2 
and there exists h 2 G H 3 b \ (hi). Note that h{h 2 G H 3 b with 1 < j < 2 are of order 
3, as far as h{h 2 = I 2 implies h 2 = K^ 3 G (hi), contrary to the choice of h 2 . We 
are going to show that if hi, h 2 , hih 2 G SL(2,R) are of order 3 then h\h 2 = I 2 , so 
that there is no h 2 G H 3 b \ (hi) and H 3 b = (hi) ~ C3. According to Proposition 15, 
g G SL{2, R) is of order 3 if and only if tr(g) = —1 and g is conjugate to 



Similarly, g G SL{2, R) coincides with the identity matrix I 2 exactly when tr(g) = 2. 
Thus, we have to check that if hi, h 2 G SL(2, R) satisfy ti{hi) = tr(h 2 ) = ti{hih 2 ) = 
-1 then tr(h 2 ih 2 ) = 2. Let 



Qs = (91,92 I g\ = 9 2 2 = -h, 929i = -9192) 



of order 8. 





be a diagonal form of hi for some S G GL{2, C) and 
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(More precisely, if Q(R) = Q or Q(V — d) is the fraction field of R then the eigenvectors 
of hi have entries from Q(R)(y/— 3), so that 5,1)2 G Q(R)(y/— 3)2x2 have entries 
from Q(-R)(\/— 3) = Q(v^— 3) or Q(y/—d, \T~ 3).) Since the determinant and the 
trace of a matrix are invariant under conjugation, the statement is equivalent to 
the fact that if det(D 2 ) = 1 and tr(D 2 ) = tr(£?iD 2 ) = -1 then tr(£>?£> 2 ) = 2. 
Indeed, if d = —a — 1 and tr(£>iD 2 ) = e"a"a — e~~(a + 1) = — 1 then a = e~ , 
d = e~~^, whereas ti(D\D 2 ) = 2. That proves the non-existence of h 2 G #36 \ (/ii) 
and iJ 3 6 — H 3 — (hi) ~ C 3 . 

Suppose that is of even order and denote by if 2 « the Sylow 2-subgroup of 
K < SL(2, R) of order 2 a > 2. Then any g G H 2 a\ {I 2 } is of order 



Recall from Proposition 15 that there is a unique element — I 2 of SL(2, R) of order 2 
and g G SL(2, R) is of order 4 if and only if the trace tr(g) = 0. For a = 1 the Sylow 
subgroup H 2 = (—I2) — C2 is cyclic of order 2. If a = 2 then H4 = (g) ~ C4 is cyclic 
of order 4, since SL(2, R) has a unique element — .Z2 of order 2. From now on, let us 
assume that a > 3 and fix an element gi G f/2 a of order 4. Due to 5^ = —I 2 G (gi), 
any g 2 G i/ 2 a \ (<7i) is of order 4 and g\ = —I 2 . Moreover, g x g 2 G H 2 a is of order 4, 
as far as ^1^2 — ±-^2 requires <? 2 = Tffi G (<?i), contrary to the choice of g 2 . We claim 
that if #1, (? 2 G SL(2, R) of order 4 have product c^cfe of order 4 then they generate a 
quaternion group 



of order 8. In other words, if g±,g 2 G i?2x2 have det(gi) = det(g 2 ) = 1 and tr(pi) = 
tr(g 2 ) = tr(gig 2 ) = then g 2 gi = —g\g 2 . In particular, if <?i,<7 2 G SL{2,R) of order 4 
have product g x g 2 of order 4 then # 2 G" = {±/ 2 , ipi}- To this end, let 



for appropriate matrices S and D 2 with entries from Q{R){\/— 1) = Q(v^— T) or 



rG{2* I i G N} n {1,2,3,4,6} = {2,4}. 



(0i,02 I 9i= gl = -h, 929i = -9192) ^ Qs 




be the diagonal form of g\ and 





whereas 



929i = (SD 2 S- 1 )(SD 1 S- 1 ) = SiD^S- 1 = 
= Si-D.D^S- 1 = -(SD 1 S- 1 )(SD 2 S~ 1 ) = - 9l g 2 . 
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Indeed, tr(D 2 ) = a + d = and tr(DiD 2 ) = i(a — d) = require a — d — 0. Now, 
det(D 2 ) = — &c = 1 determines c = — | for some 6 G Q(\/ci, \/— T) and 

ftDi=(_°< " il ) = -flA 

Thus, if a = 3 then the Sylow 2-subgroup of K is isomorphic to the quaternion group 
Q 8 of order 8, 

#s = {91,92 I gl=gl = -h, 929i = -9192) - Qs- 

There remains to be rejected the case of a > 4. The assumption a > 4 implies the 
existence of g 3 G i7 2 a \ (91,92)- Any such # 3 is of order 4, together with the products 
g±g 3 G H 2 a for 1 < j < 2, since = ±J 2 amounts to # 3 = =h?| G (g,) and 

contradicts the choice of g 3 . Thus, the subgroups 

(91,93 I g\ = gl = -h, g 3 gi = -gigs) ^ 

(#2,03, I #2 = #3 = - J 2, 0302 = -020a) - Qs 

are also isomorphic to Q 8 . In particular, 
with 63 G Q(\/d, v / -T)* is subject to 

whereas 63 = — b 2 or 63 = ±ib. As a result, L> 3 = D 1 D 2 and # 3 = gig 2 , contrary to the 
choice of g 3 (jL (gi,gi)- Therefore a < 4 and the Sylow 2-subgroup of a finite group 
K < SL(2, R) is H 2 *t C 2 , # 4 ^ C 4 or # 8 ~ Q 8 . 

□ 

Proposition 24. ylny finite subgroup K of SL(2, R) is isomorphic to one of the 
following: 

Ki = {I 2 }, 
K 2 = (-I 2 ) ~ C 2 , 
fT 3 = (^) ~ C 4 for some ^ G SL(2, R) with tr(^) = 0, 

K 4 = (gi, g2 I g\ = g\ = -h, 929191 = 91) - Qs, 

K 5 = (g 3 ) ~ C 3 for some g 3 G SL(2,R) with tr(# 3 ) = -1, 
-^6 = (#4) — C 6 for some <? 4 G SL(2,R) with tr((? 4 ) = 1, 
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K 7 = (gi, qa I gt=g\ = -h, 545154 = gi) ^ Q12 

for some g\,g± G SL(2,R) with ti(gi) = 0, tr(gr 4 ) = 1, 

K s = (gi,g 2 ,g3 I gl = gl = ~h, gl = h, 5251 = -5152, 
g^gwz 1 = 92, 939293* = gm) ^ sl(2, f 3 ) 

for some 51,52,53 G SL(2,R), tr(gi) = tr(g 2 ) = 0, tr(g 3 ) = -I, where Q 8 denotes 
the quaternion group of order 8, Q12 stands for the dicyclic group of order 12 and 
SL(2,¥ S ) is the special linear group over the field F 3 with three elements. 

Proof. By Proposition 23, K is of order 1, 2, 3, 6, 12 or 24. The only subgroup K < 
SL(2, R) of order 1 is K = K x = {I 2 }. Since -I 2 is the only element of SL(2, R) of 
order 2, the group K = K 2 = (—I 2 ) — C2 is the only cyclic subgroup of SL(2, R) of 
order 2. Any subgroup K < SL{2, R) of order 4 is cyclic or K = K 3 = (gi) for some 
#1 G SL(2, R) with tr(g' 1 ) = 0, because SL(2, R) has a unique element — 1 2 of order 
2. Proposition 15 has established the existence of elements g 1 G SX(2,Z) < SL(2,R) 
of order 4. 

If X < SL(2, R) is a subgroup of order 8 then it coincides with its Sylow 2- 
subgroup 

K = H 8 = (g u g 2 \ g\ = g\ = -I 2 , 5251 = -5-15-2) = ^4 ^ Qs, 
isomorphic to the quaternion group Qg of order 8. Note that there is a realization 

Q 8 ^i=(j £>2=(_? 1 j)><5L(2,Z[i]) 

as a subgroup of SX(2,Z[i]). In general, 

amount to a| + bjCj = —1. The anti-commuting relation 5251 = — 5i52 is equivalent 
to 2aia 2 + b\C 2 + b 2 c\ = 0. Therefore K4 = (g±, g 2 ) < SL(2, R) is a realization of Q 8 
if and only if aj, bj, Cj G R are subject to 

a\ + b\C\ = —1 

a\ + b 2 c 2 = -1 • (12) 
2aia 2 + hc 2 + b 2 c 1 = 

The existence of a solution of (12) in an arbitrary R = R-dj = %+fO-d = Z+Z^-dZ 
is an open problem. 

If \K\ = 3 then K = K 5 = (g 3 ) ~ C 3 for some 53 G SL(2, R) with tr(# 3 ) = -1. 
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From now on, let us assume that K is of order \K\ = 2 a .3 for some 1 < a < 3 and 
consider some Sylow subgroups H 2 ,H 3 = (g 4 ) ~ C 3 of K. We claim that the product 

H 2a H 3 = {ggl | g G H 2 a, < i < 2} 

depletes K. More precisely, H 2 a n H 3 = {I 2 }, because 2 a and 3 are relatively prime. 
Therefore 

H 2 aH 3 / H 2 a = H 2 a U H 2 ag 4 U H 2 ag\ 

is a right coset decomposition of the subset H 2 aH 3 C K modulo H 2 a. Due to the 
disjointness of this decomposition, one has \H 2 aH 3 \ — 3|if 2 a| — 3.2 a = \K\. Therefore, 
the subset H 2 aH 3 of K coincides with K and K = H 2 aH 3 is a product of its Sylow 
subgroups. 

If K = H 2 H 3 = (-I 2 ){93) for some g 3 G SL(2,R) with tr(g 3 ) = -1 then ±I 2 
commute with g\ for all < j < 2 and the group K is abelian. Thus, K = (—g 3 ) ~ C 6 
is a cyclic group of order 6, generated by —g 3 G SL(2, R) with tr(—g 3 ) = 1. 

For K = H 4 H 3 = ( 9l )(g 3 ) with 9l ,g 3 G SL(2,R) of tr(^) = 0, tr{g 3 ) = -1, note 
that g 4 = —g 3 G SL(2, R) is of order 6. Then g\ = —I 2 = gf, because — 1 2 G SL(2, R) 
is the only element of order 2. We claim that g 1 , g 4 G SL(2, R) are subject to g 4 g±g 4 = 
<7i. To this end, let S G Q(R)(y/^ 3))) 2x2 ^ Q(v^— ^, \f— 3)2x2 be a matrix, whose 
columns are eigenvectors of g 1 . Then 



D 4 = S^g.S = 



e 3 











and 



D 1 = S-'grS = 



with a\ + b\C\ 



generate the subgroup K° = S^^^KS ~ K. It suffices to check that D 4 D\D 4 = D\, 
because then #4^4 = (SD 4 S- 1 )(SD 1 S- 1 )(SD 4 S- 1 ) = SiD^D^S' 1 = SD^- 1 = 
gi and 

K = (gi, gz) = (gi, g* = -g 3 | gl = g\ = ~h, gmgi = 9i) - Q12 

is isomorphic to the dicyclic group Q 12 of order 12. The group K° = (Di, D 4 ) ~ K 
of order 12 has a cyclic subgroup (D 4 ) ~ Cq of order 6. The index [K° : (D 4 )] = 2, 
so that (D 4 ) is a normal subgroup of K° and D X D 4 D^ G (D 4 ) is an element of 
order 6. More precisely, D^D' 1 = D 4 or D±D 4 D- 1 = D~ l = D\ = -D\. If 
D X D 4 = D 4 D X then D X D 4 G K° is of order 12, as far as (£>i£> 4 ) 12 = (Djf(D 6 4 ) 2 = 
= h, (D 1 D 4 ) 6 = D\ = -I 2 ± J 2 , (D 1 D 4 ) 4 = D\ = -D 4 ± I 2 , whereas 
D1D4, (DiD 4 ) 2 , (DiD 4 f <£ {I 2 }. Consequently, D X D 4 = -D 2 4 D U so that D 4 D X D 4 = 
—D 4 Di = D\ and K ~ ~ Q 12 . For instance, the subgroup 







D d = 



e 3 







D\ = D\ = -I 2 , D 1 D 4 D^ 1 = D 4 l ) 
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of SL(2, O-s) realizes Q 12 as a subgroup of SL(2, 0- 3 ). The existence of Qi 2 ^ if < 
SL(2, R) for an arbitrary R is an open problem. 

There remains to be shown that any subgroup if = H 8 H 3 = (#1, <? 2 , # 3 ) — QsC 3 
of <SX(2, R) of order 24 is isomorphic to the special linear group if 8 ~ SL(2, F 3 ) over 
F 3 . In other words, any if < SL(2,R) of order \K\ = 24 can be generated by such 
0i, 02, 9s e SL(2, R) that the subgroup (g u g 2 \ g\=g\ = -i 2 , 0201 = -gm) ^ Qs 
is isomorphic to the quaternion group Q 8 of order 8, g 3 is of order 3 and g 3 gig 3 1 = #2, 
03020s 1 = 0102- 

First of all, the Sylow 2-subgroup H 8 ~ Q 8 of if is normal. More precisely, by the 
Third Sylow Theorem, the number n 2 G N of the Sylow 2-subgroups of if (i.e., the 
number n 2 of the subgroups of if of order 8) divides \K\ = 24 and n 2 = l(mod 2). 
Therefore n 2 = 1 or n 2 = 3. By Second Sylow Theorem, all Sylow 2-subgroups are 
conjugate to each other, so that n 2 — 1 exactly when H 8 = (gi,g 2 ) — Q 8 is a normal 
subgroup of K. Let us assume that n 2 = 3 and denote by z/ s the number of the 
elements g G K of order s. Due to — 7 2 E H 8 = (gi, g 2 ) < K, one has v x = 1, u 2 = 1. 
Note that <? e if is of order 3 if and only if —g G if is of order 6, so that — v 3 . By 
the Third Sylow Theorem, the number n 3 G N of the Sylow 3-subgroups of K divides 
I if I = 24 and n 3 = l(mod 3). Therefore n 3 = 1 or n 3 = 4. 

If n 3 = 1 and there is a unique normal subgroup H 3 = (g 3 ) ~ C 3 of if of order 3, 
then gjgzgj 1 G {gz,gQ C (^ 3 ) for j = 1 and j = 2. If ^j^" 1 = g 3 then ^-^ 3 = g 3 gj 
for ^ of order 4 and g 3 of order 3, so that gjg 3 G if is of order 12, contrary to 
the non-existence of an element of SL(2, R) of order 12. Therefore gig^ 1 = <?§, 
020302 1 = 9h whereas 

(0102)0 3 (0102) _1 = 0l(02030 2 " 1 )0r 1 = 01030r X = (01030l _1 ) 2 = (0 3 ) 2 = 03 

and ^!^ 2 of order 4 commutes with g 3 of order 3. Thus, (g\g 2 )g 3 G if is of order 12, 
which is an absurd. That rejects the assumption n 3 = 1 and proves that n 3 = 4. 

Let H 3 j = (g 3 j) ~ C 3 , 1 < j < 4 be the four subgroups of if of order 3. Then 
H 3i fl if 3j - = {i 2 } for all 1 < % < j < 4, as far as any g G H 3i \ {i 2 } generates H 3 i . 
As a result, Uf =1 H 3>i and if contain 8 different elements g 3i i,g 3i , 1 < i < 4 of order 
3 and z/ 6 = v 3 = 8. Thus, 

24 = I if ] = vi + z/ 2 + v 3 + z/ 4 + is 6 = 18 + 1^4, 

so that if has z/ 4 = 6 elements of order 4. Since any Sylow 2-subgroup 

H 8 = (01, 02 I 01 = 2 = -i2, 0201 = -0102) = {±i 2 , ±01, ±02, ±0102} ^ Qs 

of if contains six elements ±#1, ±g 2 , ±gig 2 of order 4, there cannot be more than one 
H 8 . In other words, n 2 = 1 and ii 8 is a normal subgroup of if. 
The above considerations show that 

K = H 8 y\ H 3 = g 2 \ g\ = g\ = -i 2 , g 29l = -g x g 2 ) x | g\ = i 2 ) ~ Q 8 x C 3 
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is a semi-direct product of Q 8 and C3. Up to an isomorphism, if is uniquely deter- 
mined by the group homomorphism 

<p K : H 3 — > Aut(H % ), 

tp K (gi)(±g k ig l 2 ) = gi(±g k ig l 2 )g; j for V ± g*g l 2 e H B , 0<k,l<l. 

Since H 3 = (g 3 ) ~ C3 is cyclic, <£k is uniquely determined by ipx(gs) G Aut(Hg). 
On the other hand, H 8 is generated by <?i,<72, so that suffices to specify ipx(g3)(gj) — 
939j9z~ l ^ H% ioi 1 < j < 2/m order to determine Lp K . If the cyclic group (gi) ~ C 4 
is normalized by g 3 then g 3 g\g 3 l G {i^i}! as an element of order 4. In the case of 
939193 1 = 9ii the element g 1 e if of order 4 commutes with the element #3 e if of 
order 3 and their product gi g 3 G if is of order 12. The lack of g G SL(2, R) of order 
12 requires g^g^ 1 = - gi . Now, 

^i^3~ 2 = 93(939193 V ) 9s 1 = 93(-9i)93 1 = 9i 

is equivalent to g\g x = g x g\ and the product g\g\ G if of g 1 G if of order 4 with 
G if of order 3 is an element of order 12. The absurd justifies that neither of the 
cyclic subgroups (g x ) ~ (g 2 ) — (9192) — C4 of order 4 of iig is normalized by g 3 . 
Thus, an arbitrary g\ G H 8 ~ Q 8 of order 4 is completed by g 2 := g^gig^ 1 G H 8 \ (gi) 
of order 4 to a generating set of H 8 ~ Q 8 . Then 

^s^i^s 2 = 93(939i93 9s 1 = 939293 1 eH s \ {( 9l ) U (# 2 )) = {#i#2,#2#i} 

specifies that either ^3^3 1 = 9i92 or g 3 g 2 g^ = g 2 9i- If fi , 35 , 25 f 3 _1 = 0201, we replace 
the generator g 3 of if by h 3 = g\ and note that h^gih^ 1 = g 2 gi- Now, hi :— g\ and 
^2 : = g^i generate H 8 = (hi,h 2 ! = h 2 = —I 2 , h 2 h\ = —hih 2 ) and satisfy 
h-ihxhl 1 = h 2 , 

h 3 h 2 h^ = gz[(93929 3 l )(939i9 3 l )]9 3 l = 93(929192)9^ = 93919a 1 = 
= 92 = -(9291)91 = -h 2 hi = hih 2 . 

Thus, the group 

K' = (gi,g 2 ,g3 \g\ = g\ = -h, 9291 = -9192, gl = h, 93919^ = 92, 93929^ = 9291) 

is isomorphic ro the group 

K = (91,92,93 \g\ = 91 = ~h, 929i = ~9i92, gl = h, 939x9^ = 92, 93929s 1 = 9192)- 

We shall realize SL(2, F 3 ) as a subgroup K° = (D u D 2 , D 3 ) of SL(2, Q(v /Z ^, V^))- 
The existence of subgroups SL(2, F 3 ) ~ if 8 < SL(2, R) is an open problem. Towards 
the construction of if 8 , let us choose 

Dj = ( a ' J _ &i J with a) + b jCj = -1 for 1 < j < 2 and 
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2-Ki 

dj e 3 bj 



e 3 Cj -aj 



from SL(2, Q(V^d, v^))- After computing 
observe that D^DxD^ 1 = D 2 reduces to 



a 2 = d\ 
b 2 = e^^bi 
c 2 = e 3 d 



for 1 < j < 2, 



The relation D 2 D\ = —D\D 2 is equivalent to 2a±a 2 + b\c 2 + b 2 c\ = and implies that 
2a\ = &iCi. Now, 



D 3 D 2 D^ = 
is tantamount to 



2iri 

a\ e 3 6i 

2-n-i 

e 3 ci — ai 



-3e~~3"aiCi 



-3e 3 a\b\ 



= D ± D 2 



ai(l — 3ai) = 
6i(l - v^3ai) = 
ci(l - v^ai) = 

and specifies that ai = Namely, the assumption ai ^ — forces ai = &i = 

Ci = 0, whereas det(-Di) = 0, contrary to the choice of D x G SL(2,Q(y^d, 3)). 
As a result, &i 7^ 0, Ci = — 3^- and 



/ _vEl 

3 



61 \ 



£>9 = 



1 vEl , 

\ 36i 3 / 



27TI 

e 3 ci 



e 3 ft 1 





^ e¥ \ 












V e"¥ / 



generate a subgroup SX(2,F 3 ) ~ ifg < 5L(2,Q( V /Z rf, v /= 3))- 



□ 



Corollary 25. If the finite subgroup K of SL{2, R) is not isomorphic to the dicyclic 
group 

K 7 = (9i,94 I g\ = gl = ~h, 9^9x94 = 9\) = 
= {91,93 = -94 I gj = -I 2 , gl = h, 939193 1 = 939i) - Q12 
of order 12 then K is isomorphic to a subgroup of the special linear group 

K 8 = (91,92,93 \gl = 91 = ~h, gl = h, 9i9\ = -9\92, 1 = 02,030203 1 = 9m) 

-SL(2 : ¥ 3 ) 
over the field F 3 with three elements. 
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Proof. According to Proposition 24, any finite subgroup K < SL(2, R) is isomorphic 
to some of the groups Ki, . . . , K 8 . Thus, it suffices to establish that any Kj, 1 < j ' < 6 
is isomorphic to a subgroup of K 8 . Note that K\ = {f 2 } C K$ and K 2 = (—I2) C K 8 
are subgroups of K 8 . The generator g>i of K 8 is of order 4, so that any subgroup 
K 3 ~ C 4 of SL(2,R) is isomorphic to the subgroup (gi) of f\~ 8 - In the proof of 
Proposition 24 we have seen that K 8 has a normal Sylow 2-subgroup 

#8 = (gi,92 I 0? = gl = -h, 929i = -9192) - Qs, 

isomorphic to the quaternion group Q 8 — fQ of order 8. The generator g 3 of K 8 
provides a subgroup (g 3 ) ~ C3 ~ K 5 of K 8 . The product (—I 2 )g 3 of the commuting 
elements — f 2 G or order 2 and ^ 3 G i^s of order 3 is an element —g 3 G K 8 of order 
6, so that Kq ~ C 6 is isomorphic to the subgroup (—^3) of K 8 . 

□ 

Towards the classification of the finite subgroups of GL(2,R), we proceed with 
the following: 

Lemma 26. Let H be a finite subgroup of GL(2, R) . Then 

(i) det(if) is a cyclic subgroup of R* ; 

(ii) H is a product H = [H fl SL(2, R)](h ) of its normal subgroup H fl SL(2, R) 
and any C r ~ (h a ) C H with det(H) = (det(h )) ~ C s ; 

(^mj the order s of det(H) = (det(h )) divides the order r of h Q G H and 

[HnSL(2,R)]n(h ) = (hl)~Cr; 

(iv) H is of order s\H n SL{2, R)\; 

(v) s = r if and only if H = [H fl SL(2, R)} X (/i ) is a semi-direct product. 

Proof, (i) The image det(H) of the group homomorphism det : H — > R* is a subgroup 
of i?*. As far as the units group R* of the endomorphism ring R of E is cyclic, its 
subgroup det (H) is cyclic, as well. 

(ii) If det (h ) is a generator of the cyclic subgroup det (if) < R* then one can 
represent H = [H n SL(2, R)](h Q ). The inclusion [# n SL(2,R)](h ) C H is clear 
by the choice of /i G G if. For the opposite inclusion, note that any h G H with 
det(h) = det(h ) m for some m G Z is associated with hh~ m £ H C\ SL(2, R), so that 
/i = (hh- m )h^ G [if l~l SX(2, i?)] (/i ) and if C [if fl 5L(2, i?)] (. 

(iii) If /i c G if is of order r then ft£ = f 2 and det(/i Q ) r = I. Therefore the order s 
of det(h a ) G i?* divides s. Note that ^ G [if n 5L(2, i?)] n (/i ), as far as det(h s ) = 
det(h Q ) s = 1. Therefore (/i*) is a subgroup of [if fl SL(2,R)] fl (/i ). Conversely, 
any h x G [if fl SX(2, i?)] fl (/i c ) has det(/i„) = det(/i G ) :c = 1, so that s divides x and 
h% G (/i*). That justifies [ff f]SL(2, R)]n(h ) C (^) and [ff n^L(2, i2)]n(/i ) = (^). 
The order of and h s Q is ^, since s divides r. 
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(iv) It suffices to show that 



H = U s ^[HnSL(2,R)]hl 

is the coset decomposition of H with respect to its normal subgroup H H SL(2,R), 
in order to conclude that the order \H\ of H is s times the order \H fl SL(2,R)\ of 
H n SL(2,R). The inclusion H D U^H n SL(2,R)\h{ is clear by the choice of 
/i G G if. According to H = [H fl SL(2, R)](h ), any element of if is of the form 
h = gh™ for some g G HC\SL(2, R) and m G Z. If m = sg + r Q is the division of m by 
s with residue < r Q < s - 1 then /i = [g{h s ) q \h r ° G [if fl SX(2, due to h s G 

if D SL(2, R). Therefore H C U*~J[ff fl SX(2, and if = U£j[if n SL(2, R)]h{. 

The cosets [if n SL(2, R)]hl and [if n SL(2, R)]hi are mutually disjoint for any < 
i < j < s — 1, because the assumption ^/ij = g 2 ^o f° r 92 £ H H SL(2, R) implies 
that h?~ l = g 2 1 gi G [if n SX(2, i?)] n = As a result, s divides < j - i < s, 
which is an absurd. 

(v) According to (iii), the order s of det(h Q ) divides the order r of h a . On the 
other hand, h s Q = I 2 exactly when r divides s, so that h s Q = I 2 is equivalent to r = s. 
Thus, r = s exactly when 

[HnSL(2,R)]n(h } = {i 2 }. 

As far as the product of the normal subgroup if CI SL(2, R) and the subgroup (h Q ) is 
the entire if, one has a semi-direct product if — [if fl SL(2, R)] x (h a ) if and only if 
r = s. 

□ 

Lemma 27. Le£ if = [H D SL(2, R)](h } be a finite subgroup ofGL(2,R) for h Q G if 
of order r with det(if) = (det(h )) ~ C s and H fl SL(2,R) be generated by g = 
h s Q , g±, . . . , g t . Then H fl SL(2, R), r and 

KgiK 1 eHn SL(2, R) for all l<i<t 

determine if up to an isomorphism. 

Proof. By the proof of Lemma 26 (iv), if has a coset decomposition 

H = U°Zl[HnSL(2,R)]hi 

with respect to its normal subgroup H fl SL(2, R). Therefore, the group structures of 
if fl SL(2, R) and (h Q ) ~ C r , together with the multiplication rule for h\h l , h 2 h 3 Q G if 
with /i 2 G if fl SL(2, R) and < 2, j < s — 1 determine the group if up to an 
isomorphism. Let us represent hi = g^g"" 2 ■ ■ ■ g^ k and h 2 = g h ^g h ? ■ ■ ■ g^' as words in 

12 J 1 ,/2 

the alphabet g = h s Q , g\ , . . . , gt with some integral exponents a p , b q G Z. (The group 
if is finite, so that any gi is of finite order r« and one can reduce the exponent of to 
a residue modulo r\.) In order to determine the product {hih l ) (h 2 hi) as an element 
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of H = UjJoigo, g!, . . . ,g t )h 3 a , it suffices to specify 5/ G HnSL(2,R) = (g , g u . . . , g t ) 
with h Q gi = g'Jio for all < % < t. That allows to move gradually h l a to the end of 
(hih i)(h 2 h J ), producing hih' 2 h 1 ^ G [HC\SL(2, i?)]/io +J ^ mod ^ for an appropriate h 2 G 
H fl SL{2, R). In other words, the group structures of H n SL(2, R) and (/i ) ~ C r , 
together with the conjugates g[ = h Q gih~ l of determine the group multiplication 
in H. Note that h goh~ 1 = g 0) since g = h s Q commutes with h . The conjugates 
9i — h Q gih~ l with 1 < i < t belong to the normal subgroup H fl SL(2, R) 3 gi of H 
and have the same orders r\ as g { . 

□ 

Any finite subgroup H — [H D SL(2, R)](h ) of GL(2, R) with determinant 
det(if) = (det(/i D )) ~ C s has a conjugate 

S^iLS = {S^fif n SL(2, R^SyiS^hoS) = [S^HS n SX(2, C)](^ 1 /i 5) 

with a diagonal matrix S~ 1 h Q S. Mote precisely, if R is a subring of the integers ring 
O-d of an imaginary quadratic number field Q(V—d) and Ai = Xi(h ), A 2 = X 2 (h ) 
are the eigenvalues of h Q , then there exists a basis 

consisting of eigenvectors Vj of h Q , associated with the eigenvalues Xj = Xj(h ). This 
is due to the finite order of h Q , because the Jordan block 

J = ^ A X ^ with Ai G C* 

is of infinite order in GL(2,C). The matrix S = (sy)i,j=i with columns i>i,i>2 is non- 
singular and its entries belong to the extension Q(\/—d, X(h )) = Q(y/—d, X 2 (h )) 
of Q(V — d) by some of the eigenvalues of h Q . Making use of the classification of 
h G GL(2,R) of finite order r and det(h ) G R* of order s, done in section 2, one 
determines explicitly the field F^f^ = Q.(y/—d, X\(h )), obtained from Q(V—d) by 
adjoining an eigenvalue Xi(h ) of h G H. The group 

S- l HS = [S^HS n SX(2, c)](s-Xs) 

has a diagonal generator D Q = S ,_1 /?, S' and the conjugates 

(S-'h^iS-'g^iS-'KS)- 1 = S-\h ogi h- l )S 

are easier to be computed. 

The next lemma collects the fields F^f\ 
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Lemma 28. Let H = [H(~)SL(2, R)]{h ) be a finite subgroup ofGL(2, R) with h Q G H 
of order r, det(h ) G R* of order s and F^f^ be the number field 



i(s,r) 



Q(V^d) for s = r = 2, 

Q(i) for s e {2,4}, r = 4, 

=3) for (s,r) = (2,6) or s G {3, 6} ; . 

,i) for s e {2,4}, r = 8, 

Q(V3,i) for s = 2, r = 12. 

Then there exists a matrix S G GL(2, F^ff^) such that 



D. = S-^=(^ A 2 (ft„) ) 



is diagonal and 



H° = S^HS = [S^HS n SL(2, F ( _ s d r) )] (D Q ) 

is a subgroup of GL(2, F^f^) , isomorphic to H. 

Summarizing the results of section 2, one obtains also the following 

Corollary 29. If h a G GL(2, R) \ SL(2, R) is of order r with det(h ) G R* of order 
s and eigenvalues Xi(h ), \2(h ), then 



Xi(h ) 
X 2 (K) 



< ±1, ±i, e 3 , e a 



}■ 



More precisely, 



(J UK) 


C _i_ 2iri 

exactly when h Q E < ±il 2 , e 3 




e ± 3 J 2 


is a scalar matrix; 






















(a) X 1 (h ) = l, 


X 2 (h ) = — 1 an d an arbitrary 


R- 


= R-d,f 


(b) X 1 {h ) = 


= e ± — , A 2 (/i ) = e T s i2 = Z[i], 


s 


= 4; 


(c) \ 1 (h ) = 


e ± ^ i , A 2 (/i ) = e T ^, i? = 0_ 3 


s 


= 3 


(d) Xi(h Q ) -- 


= e ± ~, X 2 {h ) = e^-,R=0^, 


s - 


= 6. 
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(a) X 1 (h ) = e ± ^, X 2 (h )=e ± ^, R = 0_ 2 , s = 2; 
(b) {Xi(h ), X 2 (h )} = {±i,±l} or{±i,^l} wito i2 = Z[i], s = 4. 

(a) A 1 (/ io ) = e ± ^, X 2 (h )=e ± f, R = Z\i], s = 2; 
f&J A 1 (/i ) = e ± ¥, A 2 (/i c ) = l, i2 = 0_ 3 , s = 3; 
(c) \ 1 (h ) = e ± $, X 2 {h ) = -1, R = 0^ 3 , s = 3. 

faj X^ho) = e ±2 ^,X 2 {h ) = e^,R = 0- 3 , s = 2; 
ft) Ai(^)=ee"^, A 2 (/i )=e, i? = C?_ 3 , s = 6, £,??G{±1}. 
Proposition 30. Let H be a finite subgroup of GL{2,R), 

HC]SL(2,R) = {I 2 } 

and h Q G H be an element of order r with det (ii) = (det(/i G )) ~ C s and eigenvalues 
Xi(h Q ), X 2 {h Q ). Then r = s and H is isomorphic to H C i(j) — C s . for some 1 < j < 4, 
where 

H C1 (1) = (h ) ~ C 2 with X^K) = 1, A 2 (/i ) = -1, 

27TI 27TI 

ifci(2) = (/i ) ~ C 3 u^/i R = 0- 3 , h = e- — I 2 or Ai(/i ) = e" , A 2 (/i ) = 1, 
#ci(3) = (/i ) ~C 4 u«tfi i2 = Z[i], {Ai(^ ),A 2 (/i )} = {i,l} or {-i,-l}, 

#ci( 4 ) = (/i ) ^ C 6 mtfi i? = C-3, 
{Ai(/i G ), A 2 (/i )} = jet ,l| , | e -¥,-l| r je^r,e~irj. 

Proof. By Lemma 26 (ii), the group if = (h ) ~ C r is cyclic and generated by any 
/i G G ii, whose determinant det(/i ) generates det (ii) = (det(h )). Moreover, Lemma 
26 (hi) specihes that {i 2 } = [H(~)SL(2, R)] fl (h ) = (h s ) or the order r of /i G coincides 
with the order s of det(h ). For s G {3,4,6} one can assume that det(h ) = e"^, 
since the generators of det (H) = (det(h )) ~ C s are and e P. Making use of 
the classification of the elements h Q G GL(2,R) of order s with det(/i ) = e~, done 
in section 2, one concludes that H ~ Hci(j) for some 1 < j < 4. 

□ 



45 



Proposition 31. Let H be a finite subgroup of GL(2, R), 

Hf]SL(2,R) = (-/ 2 > ~C 2 

and h E H be an element of order r with det (if) = (det(h )) ~ C s and eigenvalues 
\i(h ), \2{h ). Then H is isomorphic to Hc2(j) for some 1 < i < 6, where 

H C2 (1) = (il 2 ) ~ C 4 with R = Z[i], 

H C2 (2) = (-/ 2 ) x (h a ) ~ C 2 x C 2 urcto Ai(/i ) = 1, A 2 (/i ) = -1, 
#c 2 (3) = ~ C 6 with R = C_ 3 , K = e^/ 2 or Ai(/i ) = e~$ , X 2 (h ) = -1, 
#c 2 (4) = (/io) - C 8 mtfi i2 = Z[i], A 1 (/ io ) = e^, A 2 (/i ) = e"^, 
H C 2(5) = (-/ 2 ) x (h ) ~ C 2 x C 4 urato i? = Z[i], Ai(/i ) = i, A 2 (/i ) = 1, 
#c 2 (6) = (/i ) ~ C 8 with R = Z\t], X 1 {h ) = e^, X 2 (h ) = , 
H C 2(7) = (-h) x (h ) ~ C 2 x C 6 uritfi i? = C_ 3 , 
{A 1 (/ io ),A 2 (/ io )} = {e-, e --), [eT,l| or | e --,-lj. (13) 

Proof. By Lemma 26 (iii), one has h% E HC)SL(2, R) = (-I 2 ) for some s E {2, 3, 4, 6}. 
If h s = h then s = r and 

if = (-/ 2 ) x (/i ) -C 2 xC s 

is a direct product, as far as the scalar matrix — 1 2 commutes with h Q . When h is 
of odd order s = 3, its opposite matrix —h Q E if is of order 6 and if = (—h a ) ~ 
C6- Without loss of generality, hi := —h Q has det(/ii) = e - ^ and Proposition 21 
specifies that either hi = e~^I 2 or Xi(hi) = e~ir, X 2 {h ) = — 1. For s = 2 the group 
If = (— f 2 ) x (h ) = H C 2(2) ~ C 2 x C 2 , where h D E if has eigenvalues Xi(h ) = 1, 
A 2 (/i ) = — 1- The case s = 4 occurs only for R = Z[i]. Assuming det(h ) = i, one 
gets Xi(h ) = ei, X 2 (h ) = e for some e E {±1} by Proposition 17. Since — 1 2 E if, 
one can replace h Q by — h and reduce to the case of e = 1. If s = 6, then Proposition 
19 provides (13). 

In the case of h% = -f 2 , the intersection (h )SL(2,R) = (-I 2 ) = if n SL(2,R) 
and the group 

if = ~ C 2s 

is cyclic. More precisely, for s = 2 Proposition 16 implies that h = ±il 2 and 
H ~ if C2 (l). If s = 3 and det(h ) = e^r then if ~ if C2 (3) by Proposition 21. For 
s = 4 and det(/i G ) = % one has If ~ ff<7 2 (6), according to Proposition 17. Making 
use of Proposition 19, one observes that there are no h E GL(2, R) of order 12 with 
det(h ) = eir and concludes the proof of the proposition. 

□ 
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Towards the description of the finite subgroups H = [HC\SL(2, R)] (h ) of GL(2, R) 
with H fl SL(2, R) ~ C t for some t G {3, 4, 6}, one needs the following 

Lemma 32. If g e GL{2, C) /ias different eigenvalues Ai 7^ A 2 then any h e GL(2, C) 
with hg 7^ g/i and /i 2 g = g/1 2 /ias vanishing trace tr(h) = 0. 



Ai 
A 2 



Proof. The trace is invariant under conjugation, so that 

£ = 

can be assumed to be diagonal. If 

h = 

then h 2 g = gh 2 is equivalent to 



a b 

c 



eGL(2,C), 



(Ai - X 2 )b(a + d) = 
(Ai - A 2 )c(a + d) = • 

Due to Xi 7^ A 2 , there follow b(a + d) — and c(a + d) = 0. The assumption 
tr(/i) = a + d 7^ leads to 6 = c = 0. As a result, 



h = 



a 
d 



is a diagonal matrix and commutes with g. The contradiction justifies that tr(/i) = 0. 

□ 

Lemma 33. Let H = [H fl 5*17(2, R)]{h ) be a finite subgroup of GL(2, R) with 
H n SL(2, R) = (g) ~ C t for some te{3,4,6} and 

det(if) = (det(/i )> = (e^> ~ C s , s > 1 
/or some h Q E H of order r. Then: 

'1,2,3,4 or 6 fors = 2, 

1,2 or 4 /or s = 3 ; 

1 or 2 /or s = 4 

1 /or s = 6 



divides t; 

(ii) L — t if and only if H = (h ) ~ C r is cyclic and H fl SL(2, R) = (h s Q ) ; 
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(Hi) if ^ < t then H is isomorphic to the non-cyclic abelian group 

H' = (g, h a | g l = K = I 2 , Kg = gh a ) 

or to the non-abelian group 

H" = (g,h | ^ = ^ = / 2 , h gK l = g~ 1 )- 

(iv) if ^ < t and H ~ H" is non-abelian then h Q has eigenvalues \i(h Q ) = ie 1 ^ , 
^2(h ) = —ie~ and 

(r,s)G{(2,2), (6,6)} for t = 3, 

(r,s)G{(2,2), (8,4), (6,6)} for t = 4, 
(r,s)G{(2,2), (8,4), (6,6)} for t = 6. 

Proof, (i) Note that if det(h ) G R* is of order s then det(^) = det(h ) s = 1 and 
h s Q G H fl SL(2,R) = (g) is an element of order -. Since (g) ~ Q is of order t, the 
ratio divides t. Proposition 16 provides the list of - = | for s = 2. If s = 3 

then the values of ^ = | are taken from Propositions 21 and 22. Propositions 17 and 
18 supply the range of ^ = | for s = 4, while Propositions 19 and 20 give account for 
1 = | in the case of s = 6. 

s 6 

(ii) Note that h s G (g) is of order L s = t exactly when (g) = (h s ) and H = (h Q ) ~ C r 
is a cyclic group. 

(iii) According to Lemma 27, the group H — [H n SL(2, R)](h ) = (g)(h ) is 
completely determined by the order £ of g, the order r of /i G and the conjugate 
x = h Q gh~ l e H f] SL(2, R) = (g) of g by /i G . The order t of (? is invariant under 
conjugation, so that x = g m for some m G Z*. The Euler function </?(£) = 2 for 
£ G {3,4,6} and = {±l(modt)}. Therefore x = h Q gh~ l = g or x = h gh~ x = g~ x . 

(iv) If H ~ if" is a non-abelian group then 

/^ o " 2 = KiKgh-^K 1 = h g- l K l = (Kgh- 1 )- 1 = (g' 1 )' 1 = 9, 

so that g commutes with h 2 Q1 but does not commute with h Q . By Lemma 32 there 
follows tr(/i G ) = 0. There exists a matrix S G GL (2, Q rf, j j , such that 

is diagonal. Since the trace is invariant under conjugation, 

D := S^hoS = ( a c _ & a )Ga(2,Q(vQ,e¥)). 
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The relation h a g = g 1 h Q implies the vanishing of a. As a result, the characteristic 
polynomial 

X ho (\) = A 2 + det(h ) = A 2 + = 

has roots \i(h ) = ie^ , \2(h ) = — ie 2 ?. More precisely, for s = 2 one has \\(h ) = 
— 1, A 2 (/i D ) = 1, so that /i D and L> are of order r = 2. The ratio - = 1 divides 

any t G {3,4,6}. If s = 3 then Xi(h ) = , A 2 (/i G ) = e - ^, so that h Q and L> 
are of order r = 12. The quotient ^ = 4 divides only t = A. Therefore | = t and 

= (h Q ) ~ C12, according to (ii). In the case of s = 4, one has \i(h a ) = , 
A 2 (/i ) = e _ T , whereas /i D and _D D are of order r = 8. The quotient ^ = 2 divides 
only t G {4, 6}. Finally, for s = 6 the automorphism h Q has eigenvalues \i(h ) = e^r, 
A 2 (/i ) = e~^. Consequently, /i D and -D D are of order r = 6 and - = 1 divides all 
te {3,4,6}. 

□ 

Lemma 34. (i) For arbitrary d G N and t G {3,4,6} tnere a dihedral subgroup 

V t = (g,h | ^ = ^ = / 2 , ^ - 1 = ( ? - 1 )<GL(2,Q(v /Z rf)) 

o/ order 2t with V t n 5L(2,Q( V /Z rf)) = (#) ^ C t , det(£> t ) = (det(h )) = (-1) ~ C 2 
and eigenvalues \i(h ) = —1, A 2 (/i ) = 1 of h Q . 

(ii) For an arbitrary t G {3,4,6} there is a subgroup 

U t = (g,h | a' = ^ = / 2 , h gh- l = g- l )<GL{2,Q{^)) 

of order 6t with U t fl 5L(2,Q( v /= 3)) = (#) ^ C t , det(^) = (det(h )) = (ef) ~ C 6 
and eigenvalues \i(h ) = e~ , A 2 (/i ) = eT " °/^o- 
(raj For an arbitrary t G {4, 6} tnere is a subgroup 

n' t = (g,h I f=^ = -/ 2 , / l ^/ l -i = ^-i)<GL(2,Q(Ai)) 

o/ order At with H' t fl SX(2,Q(>/2,i)) = (#) - C t , det(ftj) = (det(h )} = (i) ~ C 4 
and eigenvalues Xi(h ) = e^r ; \ 2 (h ) = of h Q . 

Proof, (i) Let us choose a diagonalizing matrix 5 G GL(2, Q(y/—d)) of /i G , so that 

d = s-Xs = 

Taking into account Proposition 15, one has to show the existence of 
D = S~ v gS = 

with 

D DD~ l = ( _l 




a b 
c d 



eSL(2,Q(V^d) 



-b 
d 



d -b 
—c a 



D~ 
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for any trace tr(<?) = tr(D) = a + d G {0, ±1}. More precisely, for a = d = 0, b ^ 
and c = —b^ 1 , then the matrix 



D = Da 



b 

-b- 1 



of order 4 and the matrix D Q of order 2 generate a dihedral group £> 4 of order 8. If 
a = d = — |, 6 7^ and c = — then 



D = D 



3 
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i 6 



3L-1 1 



of order 3 and D Q of order 2 generate a symmetric group ~ 5(3) of degree 3. In 
the case of a = d = \, 6^0 and c = — | ft -1 , the matrix 



I 6 



_3 6 -l I 
4 U 2 



of order 6 and the matrix D of order 2 generate a dihedral group T> 6 of order 12. 

(ii) By Proposition 19, if h a G GL(2,R) has eigenvalues Ai(/i ) = e~ , A 2 (/i ) — 
e - ^ then i? = CL 3 . Let us consider 

D a = S-'KS =\ e ~ n _J ) G GL{2, Q( v /Z 3)) 
\ e 3 / 

for some S G GL(2, Q( v /= 3)) and 

D = S- 1 gS=( a c eSL(2,Q(>/=3)) 
with trace tr(g) = tr(D) = a + d G {0, ±1}. Then 

DoDD?=( a ~ b A = ( d ~ b )=D-i 



—c d J \ — c a 

is equivalent to a — d. Consequently, D 3 , _D 4 , D 6 from the proof of (i) satisfy the 
required conditions, 
(iii) Note that 

D = S^hoS =( e J _ ™ ) G GL{2, Q( A i)) 
V e 4 ' 
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for some S G GL(2, Q( v / 2, i)) and 

D = S- 1 gS=( a c b d ^J e SL(2,Q(V2,i)) 
with trace tr(g) = tr(D) = a + d G {0, 1} satisfy 

exactly when a = d. In the notations from the proof of (i), one has D ) ~ 1-L' A 
and (A>, ~ H' 6 . 

□ 

Corollary 35. Let H be a finite subgroup of GL(2, R), 

H n SX(2, i?) = (<?) ~ c 3 

and h Q E H be an element of order r with det(H) = (det(h )) ~ C s and eigenvalues 
Xi(h ), \2(h ). Then H is isomorphic to some Hc 3 {i), 1 < i < 5, where 

H C3 {1) = (h ) ~ C 6 

wzi/i i? = Rsj, Ai(/i G ) = e 2 ?, A 2 (/i ) = e 2 ^, 

H C3 (2) = (g,h | g 3 = h 2 = I 2 , Kgh' 1 = g' 1 ) ~ S 3 

is tae symmetric group of degree 3, \\(h ) = —1, A 2 (/i ) — 1> 

#c 3 (3) = (<?> x ( e ¥/ 2 ) ~ C 3 x C 3 

wzi/i _R = CL 3 and any a G SL{2, CL 3 ) o/ trace tr(g) = — 1, 

#cs(4) = (<?> x (/i > ~ C 3 x C 6 

itratn i? = CL 3; \\{h ) = ef , \2{h ) = e~^r ; 

H C3 (5) = (g,h I g 3 = h 6 = I 2 , h gh- l = g- 1 ) 

of order 18 i? = CL 3; Xi(h ) = , A 2 (/i ) = e"^. 
There exist subgroups 

H C3 (1),H C3 (3),H C3 (A) < GL(2,0- 3 ), 

as well as subgroups 

H° C3 (2) < GL(2, Q(V^d)), H° C3 (5) < GL{2, Q(v /Z 3)) 
with H£ 3 (j) ~ H C3 (j) for jE {2,5}. 
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Proof. By Lemma 33 (i), the quotient ^ is a divisor of t = 3, so that either r = s or 
r = 3s = 6. 

For s = 2, r = 6 one has a cyclic group H = (h Q ) ~ C6 with det(/i G ) = —1. Up to 
an inversion h Q >->■ /i^ 1 of the generator, Proposition 16 specifies that \i(h ) = , 
^(K) = e^r and justifies the realization of -£/c3(l) = (^o) over (9_ 3 . 

Form now on, let r = s G {2,, 3, 46}. According to Lemma 33(iii) and (iv), the 
group H = (g, h Q ) is either abelian or isomorphic to some Hcz{j) for j £ {2, 5}. 

If H = (g, h Q | g 3 = h r Q = I 2 , gh Q = h a g) is an abelian group of order 3r, then 
H = (g) x (h Q ) ~ C 3 x C r is a direct product by Lemma 26 (iv). (Here we use that 
the semi-direct product H = [H fl SL(2, R)} x (h ) = (g) x (h ) is a direct product if 
and only if gh Q = h Q g.) 

The order r = s = 2 of h Q is relatively prime to the order 3 of g, so that g/i is an 
element of order 6 and (g, h Q ) = (gh ) ~ Cq ~ /Jc 3 (l). 

The order r = s = 4 of /i G is relatively prime to the order 3 of g and gh Q is of 
order 12. By the classification of x G GL(2, R) of finite order, done in section 2, one 
has det(gh ) = —1. Therefore det(/i D ) = —1 and s — 2, contrary to the assumption 
s = 4. 

For r = s = 3 one can assume det(h Q ) = e~~, after an eventual inversion 
h Q 1 — y hg 1 . Then by Proposition 22 one has h Q = e^Ii or Ai(/i G ) = e^r" , \2(h ) = 1. 
Assume that Ai(/i D ) = e"^, \2{h Q ) = 1 and note that the commuting g and h Q can be 
simultaneously diagonalized by an appropriate S G GL(2,C). Consequently, 



Similarly to the case of r = s = 3, the commuting g and h D admit a simultaneous 
diagonalization 




are subject to D 2 D Q = e T I 2 . As a result, 



g 2 h Q = (SDS-y^SDoS- 1 ) = S(D 2 D )S- 1 = e^I 2 

and H = (g, h ) = (g, g 2 h ) ~ # C3 (3). 

Finally, for r = s = 6, let us assume that det(/i ) = e~^~. Then 



{Ai(/i ),A 2 (/i )} = je" ,e 2 ™ } , {e",l} or | e 2 3 l ,-l| 




If \i(h ) = e n 3 , A 2 (/?-o) = 1 then 




and # ~ (-D, £ c > = (-D, £>A,> ^ tf C3 (4). 
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For Xi(h ) = e" and A 2 (/i c ) = — 1 note that 



2-iri 



DD = [ 6 * i I, so that again H ~ (D, D ) = (D,DD Q ) ~ if C3 (4). 



Note that 



e~ 



27TZ „ \ I 

9=\ 6 J _L , /^o= 6 J jL |GGL(2,0_ 3 ) 



e 3 I \ e 3 

generate a group, isomorphic to iJ C3 (4). 

□ 

Corollary 36. Let H be a finite subgroup of GL(2,R), 

Hf]SL(2,R) = (g) ~ C 4 

and h Q £ H be an element of order r with det(H) = (det(h )) ~ C s and eigenvalues 
\i(h ), A 2 (/i D ). TTien zs isomorphic to some Hca{i), 1 < « < 9, where 

H C a(1) = (h ) ~ C 8 

i? = (9_2; Ai(/i ) = eT, A 2 (/i ) = e^r, 

H C4 (2) = (g) x (/i ) ~ C 4 x C 2 

wi£/i i? = R-ij, Xi(h ) = — 1, \2{h ) = 1, 

H C4 {3) = (g,h | g 2 = -I 2 , h 2 Q = I 2 , Kgh' 1 = g' 1 ) ~ P 4 

is £/ie dihedral group of order 8 Ai(/i ) = — 1, A 2 (/i G ) = 1, 

#C4(4) = (/l > ~ C12 

mt/i -R = 0_3, \\(h ) = eir ; A 2 (/i ) = e~T ; 

if C4 (5) = (<?) x ( e ¥ J 2 ) ~ C 4 x C 3 
/or i? = CL 3 and V# G SX(2, C_ 3 ) wito tr(#) = 0, 

#c 4 (6) = (<?> x (/i ) ~ C 4 x C 4 
i? = Z[i], Xi(h ) = i, A 2 (/i ) = 1, 

#c 4 (7) = (i<7> x (h ) ~ C 2 x C 8 
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with R = Z[i], Xi(h ) = e'^ , \2(h ) = e 4* , 



H C4 (8) = {g,h | g 2 = h A = -I 2 , h o9 h- l = g- 1 ) 



of order 16 with R = Z[i], \\(h ) = , \2(h ) = e ™ , 



H C4 (9) = (g,h | g 2 = -I 2 , h e = f 2 , Kgh' 1 = g' 1 ) 



of order 24 with R = O-3, Xi(h ) = , A 2 (/i ) — e " . 



There exist subgroups 



H c *(l) < GL(2, 0_ 2 ), ff C4 (4), ff C4 (5) < GL(2, 0_ 3 ), 



H Ci (2),H C 4(6)<GL(2,Z[i\), 



as well as subgroups 



H° C4 (7),H° C4 (8) < GL(2,Q(V2,t)), ff£ 4 (3) < GL(2,Q(V^d)), 

H° C4 (9)<GL(2,Q(V^3)), 
with H° C4 (j) ~ if C4 (j) /or j G {3,7,8,9}. 

Proof. If § = 4 then either (s,r) = (2,8) and if ~ i?c4(l) or (s,r) = (3,12) and 



H ~ ff (74(4). By Proposition 16 there exists an element h Q G Gf (2, CL 2 ) of or- 
der 8 with det(h ) = —1. Proposition 21 provides an example of h G GL(2, 0_ 3 ) 
of order 12 with det(h ) = . There remain to be considered the cases with 
L s G {1,2}. According to Lemma 33, the non-abelian H under consideration are 
isomorphic to ff<? 4 (3), H C a{8) or ff C4 (9). By Lemma 34 (i) there is a subgroup 



-^C4(3) < GL(2, Q(v^ d)), conjugate to ff C4 (3). Lemma 34 (iii) provides an exam- 
ple of S^Hc^S = ff£ 4 (8) < GL(2,Q(V2,i)), while Lemma 34(h) justifies the 



existence of S^Hc^S = ff£ 4 (9) < GL(2, Q( v /Z 3))- 

There remain to be classified the non-cyclic abelian groups H = [HC\SL(2, R)](h ) 
with H n SL(2, R) ~ C 4 , (h a ) ~ C r , det(/i ) = e¥ for s G {2, 3, 4, 6}, r G {s, 2s}. 

If r = s = 2 then by Proposition 16, the eigenvalues of h a are Xi(h ) = —1 and 
A 2 (/i ) = 1. There exists a matrix 5 G GL(2, Q(y/—d), such that 



Proposition 15 establishes that g G SL(2, R) is of order 4 exactly when tr(g) = 0. 
The trace and the determinant are invariant under conjugation, so that 



D, 




D = S~ 1 gS = 



(° J a ) e SL(2,Q(V^d)) 
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The commutation 



DD„ = ( "° b\ -a -b 

-c —a \ c —a 



holds only when b = c = and 

D = ± 



i 
-i 



Bearing in mind that D G SL(2, Q(V—d)), one concludes that i G Q(\/—d), whereas 
d — 1 and i? = R-ij- The matirces 

»=(o _°), ^=(~J J)eGL(2,Z[i]) 

generate a subgroup of GL(2,Z[i]), isomorphic to Hca{2). 

For s = 2 and r = 4 one has i? = Z[i] and h a = ±/2- Bearing in mind that 
g G SL(2, R) is of order 4 if and only if tr(g) = 0, let 



Then 



a —at 



has determinant det(p/i ) = det(g) det(h ) = det(h ) = — 1 and trace tr(gh ) = 0. By 
Proposition 16, gh has eigenvalues \i(gh ) = —1, A 2 (g/i ) = 1 and iJ ~ H C a{2). 

If s = r = 3 then R = (9_ 3 and either h = e - "^ or Xi(h ) = , A 2 (/i D ) = 1- Re- 
placing e~^r/ 2 by its inverse, one observes that Hqa(5) = (g, e ^/ 2 ) < GL(2, 0-%). 
If \\(h ) = e^r, A 2 (/i ) = 1, then there exists 5 G GL(2, Q(y/— 3)), such that 



The determinant and the trace are invariant under conjugation, so that 



D = S- 1 gS=( a c _*)eSL(2,' 



-3)). 



Note that 



da, 1 e L a b )= 63 ° 636 )=a,d 

e~3~c -a / V c -a 



is equivalent to b = c = and 1 = det(g) = det(D) = —a 2 specifies that 

^ -i 
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That contradicts F e SX(2, Q(-\/— 3)) and justifies the non-existence of /J with s = 
r = 3. 

Let s = 3, r = 6. According to Proposition 21, there follows R = CL3 with 
/i = efl 2 or Ai(/i D ) = e~^, A 2 (/i ) = 1. If h = e 2 ? then if = (g,h ) = (g,g 2 h Q = 
—h a = e~^r/ 2 ) ^ H C 4:(5). In the case of Xi(h ) = e~^~, A 2 (/i ) = 1 let us choose 
S E GL(2,Q(v^3)) with 

D = S-'KS = ( 6 T J ) e GL(2, Q(v /Z 3)) and 
D = S-VS=(^ _*)eSL(2,Q(>/=3)). 



Then 



if and only if 



— — 7 \ / _ ILL —Zli 

DD Q = \ e l a 6 ) = f e " 8a e " 36 ]=D D 
e 3 c —a / V c —a 



£> = ±(o ) eSX(2,Q(>/=3)), 

which is an absurd. 

Let us suppose that s = r = 4. The Proposition 17 specifies that R = Z[i] and 
Ai(/i ) = A 2 (/i D ) = e for some e e {±1}- As far as g 2 = — J 2 G H, there is no loss 
of generality in assuming that Xi(h ) = i, A 2 (/i G ) = 1 and H ~ ifc 4 (6). Note that 

0=(n °V ^efn ?WL(2,Z[i]) 



x o -i y ' ° v 1 , 

generate a subgroup, isomorphic to iJ<7 4 (6). 

For s = 4, r = 8, Proposition 17 implies that R = Z[i] and \i(h ) = , 
A 2 (/i ) = e^i 1 . Note that (ig) 2 = — g 2 = J 2 , so that ig E H = (g, h Q ) is of order 2 and 
/ig = il 2 , according to \i(h 6 ) = Xi(h ) 6 = i, A 2 (/i„) = A 2 (/i G ) 6 = i. Consequently, 

H = (g, h ) = (h e D g = ig, h Q ) = (ig) x (h ) ~ C 2 x C 8 , 

as far as (ig) fl (/i ) = {/ 2 }. More precisely, if = /i™, then the second eigenvalue 

I = -i 2 = \ 2 (ig) = UK) = , 

whereas m G 8Z and the first eigenvalue 

-l = A 1 (^) = A 1 (^) = e^ = l, 
which is an absurd. Thus, iJ ~ Hca(7) and there exists a subgroup 

^4(7) = ((o _•), (^ eV Q e J^)<GL(2,Q(V2,i)), 
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conjugate to Hci{7). 

Let us assume that s = r = 6. Then Proposition 19 applies to provide R = 0_ 3 
and 

{\i(h )Mho)} = {e S * t ,e- ! t}, {ef l}, {e~™ -l} . 
Choose a matrix S G GL{2, Q(v / ^3)) with 

Do = S-'KS = ( Al( Q /lo) ^ ) G GL(2,Q(>/=3)), 

I> = 5- 1 i/5=(" eSX(2,0(>/=3)). 
If Ai(/i„) ^ A 2 (/i„) then 

= f A i(^) a ^2{h )b \ = ( Xi(h )a Xi(h )b \ = D D 



Xi(h )c -X 2 (h )a J \ X 2 (h )c -X 2 (h Q )a 
is tantamount to b = c = 0, a = ±i and 

D = ±( n ° ) G5L(2,Q(V-3) 



v ~ l 

is an absurd. 

Similarly, in the case of s = 6, r = 12, Proposition 19 derives that R = 0_ 3 and 

{Ai(/i ),A 2 (/i )} = {e-,e~|, {eT,lj, { e --,-l}. 

Note that Xi(h Q ) ^ X 2 (h ) for all the possibilities and apply the considerations for 
s = r = 6, in order to exclude the case s = 6, r = 12. 

□ 

Corollary 37. Let H be a finite subgroup of GL(2,R), 

HnSL(2,R) = (g)~C 6 

and h G H be an element of order r with det(H) = (det(h )) ~ C s and eigenvalues 
Xi(h ), X 2 (h ). Then H is isomorphic to some Hce{i), 1 < i < 7, where 

H C6 (l) = (K) ^ C 12 

with R = Z[i], Xi(h ) = , X 2 {h ) = , 

H C6 (2) = (g) x (h ) ~ C 6 x C 12 

uritfi R = 0- 3 orR = R- 3>2 , Ai(/i ) = -1, A 2 (/i ) = 1, 

H C6 (3) = {g,h I ^ 3 = -/ 2 , /i„ = / 2 , hogh-^g-^^Ve 
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is the dihedral group of order 12, Xi(h ) = — 1, \2{h ) = 1, 

#ce(4) = (g) x (e™I 2 ) ^ C 6 x C 3 

wito R = CL 3 and V# G SX(2, CL 3 ) o/trfo) = \, 

H c &{$) = (g, h Q | g 3 = h 4 D = -I 2 , Kgh' 1 = g' 1 ) 

of order 24 with R = Z[i], Xi(h ) = e^ , X2(h ) = e~^ , 

H C6 (6) = (g,h | g 3 = -h, h 6 = I 2 , Kgh' 1 = g' 1 ) 

of order 36 with R = O-s, Xi(h ) = e^ 1 , X 2 (h ) = e~^ , 

Hcs{7) = (g) x (h ) -C 6 xC 6 

of order 36 with R = 0_ 3 , Xi(h ) = e 2 ^, X 2 (h ) = e~^ . 
There exist subgroups 

H C% (1) < GL(2, Z\i}), H ce (2), H C6 (A), H C6 (7) < GL(2, 0_ 3 ), 

as well as subgroups 

H° C6 (3) < GL(2,Q(V^d)), H° C6 (5) < GL(2, Q(V2,i)), 

H° C6 (6)<GL(2,Q(V^)) 
with H° C6 (j) ~ H C6 U) f° r J e {3,5,6}. 

Proof. According to Lemma 33(i), the ratio ^ G {1,2,3,6} is a divisor of t = 6. If 
r = 6s then s = 2 and if = (/i ) ~ C12 — i?c6(l) by Lemma 33 (i), (ii). According to 
Proposition 16, the existence of h Q G GL(2, R) of order 12 with det(h ) = —1 requires 
R = Z[i] and there exist h Q G GL(2,Z[i}) of order 12 with det(h ) = —1. 

For r = 3s Lemma 33(i) specifies that s = 2. Combining with Lemma 33(iv), one 
concludes that 

H = (g, K I g 3 = -I 2 , hi = I 2 , Kg = gh ) 

is a non-cyclic abelian group of order st = 12. By Proposition 16, R = CL 3 or R = 
i?_ 3i2 and h Q has eigenvalues Xi(h ) = , A 2 (/i G ) = e^ - for some e G {±1}- Due 
to (g, h Q ) = {g, h^ 1 = h b Q ) by h = (h^) 5 , one can assume that Xi(h ) = e 2 ?, X 2 (h ) = 
e^r. The commuting matrices g and h admit a simultaneous diagonalization 

D = S^gS = ( 6 " °^ ) , D = S^hoS = 



( ef \ 
1 e¥ J 
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by an appropriate S G GL(2, Q(>/ == 3)). Then 



implies that \\{g 2 h ) = — 1, A 2 ((? 2 ^ ) = 1- As a result, = (g,h a ) = (g,g 2 h ) is a 
subgroup of GL(2, O-3), isomorphic to Hc%{2). 

Form now on, ^ G {1, 2}. In particular, ^ < t = 6 and the non-abelian 

H=(g,K I g e = h r = I 2 , h gh- l = g- 1 ) 

occurs for (r, s) G {(2, 2), (8, 4), (6, 6)}, according to Lemma 33(iv). Namely, for 
r = s = 2 one has a dihedral group H ~ "D 6 ~ i?c 6 (3) of order 12, which is realized 
as a subgroup of GL(2, Q(\/—d)) by Lemma 34(i). In the case of s = 4 and r = 8 
the group H ~ Hcq(5) of order 24 is embedded in GL(2, Q(\/2, i)) by Lemma 34(iii). 
In the case of r = s = 6 one has H ~ H C (i(G) of order 36, realized as a subgroup of 
GL(2,Q( v /3 3)) by Lemma 34(h). 

There remain to be considered the non-cyclic abelian H with r = 2s, s G {2, 3, 4} 
or r = s G {2,3,4,6}. If s = 2, r = 4 then Proposition 16 requires i? = Z[i] 
and /i Q = ±2/2- Up to an inversion of h Q , one can assume that h a = il 2 . Then 
= (g,H 2 ) = (~g = (ihyg^h) is generated by the element —g of order 3 and the 
scalar matrix il 2 G H of order 4, so that — ig = (il 2 )(—g) G H of order 12 generates 
H, H ~ ifce(l) ^ Ci 2 . (Note that for # G SX(2,Z[i]) of order 6 one has g 3 = -I 2 , 
whereas (— g) 3 = —g 3 = I 2 . The assumptions —g = I 2 and (— g) 2 = g 2 = I 2 lead to 
an absurd. ) 

Let us assume that s = 3 and r = 6. Then Proposition 21 implies that R = O-3 
with h Q = E 1 ^^ or \i(h D ) = e _: r, \ 2 (h Q ) = —1. Note that H = (g : e^I 2 ) = 

(gi, e 3 j 2 ) by e 3 = I e 3 I , e 3 = I e~ 3 J . Further, 

9 3 (e-^I 2 ) = ( e «/ 2 ) (e-f J 2 ) = e¥/ 2 

implies that 

# = (g,e-^I 2 ) = (g,g 3 (e"f J 2 ) = e^7 2 ) = (g) x (e^) ~ C 6 x C 3 ~ if C6 (4). 

For any g G SX(2, 0_ 3 ) of order 6, there is a subgroup H C q(^) = (g,e^I 2 ) < 
C IXI.O ,). 

For s = 4, r = 8 there follow i? = Z[«] and \\{h ) = e~ , X 2 (h ) = , according 
to Proposition 17. Suppose that 5 G GL(2, Q(a/2, i)) diagonalizes /i G , 

D = S~ 1 h S = ( e 7 ] £GI(2,Q(V2,j)). 
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By Proposition 15, g G SL(2, Z[«]) is of order 6 exactly when tr(<?) = 1. Since the 
determinant and the trace are invariant under conjugation, one has 

D = S- 1 gS=( a c 1 b _ a ) e SL(2,Q(y/2,i). 

However, 

e 4 a e 46 \ _ / e 4 a e 4 6 

e4c e 4(1— aj / I e 4 c e * {1 — a) 

if and only if b = c = and a = e 2 ? 1 for some £ G {±1}- Now, 



67VZ 



D=[ 6 n 3 1 ° ™ J GSL(2,Q(V2, ? )) 
1 — e 3 

is an absurd, justifying the non-existence of H with s = 4 and r = 8. 

In the case of r = s = 2 Proposition 16 implies that \\(h ) = — 1, A 2 (/i ) = 1, so 
that H ~ #ce(2) ~ C 6 x C 2 . 

For r = s = 3 Proposition 21 reveals that R = CL 3 with h Q = e rl 2 or Xi(h ) = 
eir, A 2 (/i ) = 1- It is clear that 

H = (g,e-^I 2 = (e¥/ 2 ) 2 ) = (^, e ¥/ 2 = ( e -¥/ 2 ) 2 > ~ H C6 (4) ~ C 3 x C 3 . 

If Ai(/i ) = e 2 ? 1 , A 2 (/i D ) = 1 then the commuting matrices 5 and fo admit a simulta- 
neous diagonalization 

D = S-'gS = ^ ^ e ° f j , D = S-'KS =(^ e J J ) G GL(2, Q(v / =3)) 

by an appropriate 5 G GL(2, Q(y/— 3)). Then D 2 D Q = e~~/ 2 , whereas g 2 /i = 
5 ^e -2 ^/^ S* -1 = e -2 ^^ and 

# = (9,h ) = (g,g 2 h = e "¥/ 2 ) ~ tf C6 (4) ~ C 6 x C 3 . 

The assumption r = s = 4 implies that R = Z[i] and Xi(h ) = ei, A 2 (/i ) = 
5 for some £ G {±1}, according to Proposition 17. Due to g 3 = — J 2 , one has 
(5, fo ) = (g, —h = g 3 h Q ), so that there is no loss of generality in assuming e — 1. If 
5 G GL(2,Q(i)) conjugates /i c to its diagonal form 
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then 



The relation 



implies that 



D = S- 1 gS=( a c 1 b _ a ^jeSL(2,Q(i))- 



DD =[ ia 1 b ) = (*"* )=D D 
' ic 1-fl V c 1 — a 



£7T? 



D=[ 63 eSI(2,Q(i)) for some e G {±}. 

e s I 

The contradiction proves the non-existence of H with r = s = 4. 
Finally, for r = s = 6 Proposition 19 specifies that R = 0- 3 and 

{Xi{h ), X 2 (h )} = je^,e-f j , {l,e^} or |e~^, — 1| . 
The commuting matrices g and /i admit simultaneous diagonalization 



D = S^gS 



eir 
e-f 



by an appropriate S* G GL(2, Q(\/— 3)). Let us denote 
and observe that 

-D 2 -D D = -Do> D62D' ' = D . 

By its very definition, 

H={D,D )<GL(2,0_ 3 ) 

is isomorphic to H C6 (7). The equalities (D, D' Q = D 2 D" Q ) = (D, D") and (D, D" Q = 
D 2 D Q ) = (D, D ) conclude the proof of the proposition. 

□ 

Proposition 38. Let H be a finite subgroup of GL(2, R), 

H n SL(2, R) = ( 9l , g 2 \ gj = g\ = -I 2 , g 29l = - 9l g 2 ) ~ Q 8 , 

and h Q G H be an element of order r with det(H) = (det(h )) ~ C s and eigenvalues 
\i(h ), \ 2 {h ). Then H is isomorphic to some Hq 8 (i), 1 < i < 9, where 

#08(1) = (gi,g 2 ,U2 | gf = g 2 = ~h, g 2 g\ = -9192) 
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is of order 16 with R = Z[i], 

#qs(2) = (gi,g2, K \ g\ = g\ = -I 2 , h 2 Q = I 2 , g 2 g x = -gig 2 , 
KgiK 1 = -g u h Q g 2 h~ l = -g 2 ) 
is of order 16 with R = Z[i], \i(h Q ) = —1, \ 2 {h ) = 1, 

#08 (3) = (gi, g 2 , K \ g\ = g\ = h\ = -I 2 , g 2 g x = -gig 2 , 
KgiK 1 = 92, h g 2 h^ = -gi) 
is of order 16 with R = 0^ 2 , \\{h ) = e 2 ?, \ 2 {h ) = , h 2 Q = ±g\g 2 , 

#qs(4) = (gi,g 2 , h Q | g\ = gl = -I 2 , h 2 D = I 2 , g 2 g x = -gig 2 , 

KgiK 1 = 92, Kg 2 h~ l = g x ) 
is of order 16 with R = R- 2 j, \i(h Q ) = —1, \ 2 {h ) = 1, 

H m {5) = ( gi ,g 2 )x(e 2 -?)~Q 8 xC 3 

is of order 24 with R = 0%, 

#qs(6) = (gi,g2, K I g\ = g\ = -h, h 3 = I 2 , g 2 g x = -gig 2 , 

KgiK 1 = 92, K92K 1 = 9192) 

is of order 24 with R = O-3, \x(h ) = e^f~ , \ 2 {h ) = 1, 

h qs(7) = (gx,g2, K I g\ = g\ = K = -I 2 , g 2 g x = -g x g 2 , 
KgiK 1 = -g 1: h Q g 2 h~ l = -g 2 ) 
is of order 32 with R = Z[i], \i(h ) = , \ 2 (h ) = , 

Hq S (8) = (gi,g 2 , K \ g\ = g\ = h ' = -I 2 , g 2 g x = -g x g 2 , 
KgiK 1 = g 2 , h g 2 K l = gi) 
is of order 32 with R = Z[i], Xi(h Q ) = , \ 2 (h ) = e _£ r, 

#qs(9) = (gx,g2, K I g\ = g\ = -h, K = I 2 , g 2 g x = -g x g 2 , 
KgxK 1 = 5-2, Kgih^ 1 = g 2 ) 

is of order 32 with R = Z[i], \i(h Q ) = i, \ 2 {h ) = 1. 
There exist subgroups 

#08(1), #Q8(2), #Q8(9)<GL(2,Z[i]), 08(5)<GL(2,O_ 3 ), 

as well as subgroups 

H° Q8 (A) < GL(2, Q(v /Z 2)), #&( 6 ) < GL(2, Q(v /Z 3)), 

#^ 8 (3), H° Q8 (7), #^ 8 (8)<GL(2,Q( V / M), 
such that Hfa{j) ~ H m {j) for j G {3, 4, 6, 7, 8}. 
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Proof. According to Lemmas 26 and 27, the group H = (gi,g2)(h ) with det(H) = 
(det(/i )) ~ C s is completely determined by the order r of h and the elements 
Xj = h Q gjh~ x G (gi,g2), 1 < j < 2 of order 4. Bearing in mind that (gi, g 2 }^ = 
{±gi,±g 2 ,±gig 2 }, let us split the considerations into Case A with Xj G {±gj} for 
1 < j < 2, Case B with h gih~ l = g 2 , h Q g 2 h~ 1 = eg\ for some e — ±1 and Case C 
with Kg^ 1 = g 2 , Kg^ 1 = eg x g 2 for some £ = ±1. 

In the case A, let us distinguish between Case Al with Xj = h gjh~ x = gj for 
VI < j < 2 and Case A2 with x^ = hog^h' 1 = —g^ for some k G {1, 2}. Note that if 
h Q gj = gjh Q for VI < j < 2 then h Q G H is a scalar matrix. Indeed, if h Q has diagonal 
form 

C '= S "'W=( I 
for some S G GL(2, Q( v /Z ^, Ai)) and 

Dj = S^gjS = ( Qj y ) G SX(2, Q(v /Z rf, Ai)) for 1 < j < 2 then 

D Q DjD~ l = I J I (14) 



Ai C 3 a 3 



coincides with Dj if and only if 



f -1)^ = 

The assumption Ai(/i ) = Ai ^ \ 2 = \ 2 {h ) implies bj — c j — for VI < j < 2, so 
that 

Dl = ±l (l -l) and D2= (J -J 

are diagonal. In particular, D\ commutes with D 2 , contrary to D 2 D\ = —D\D 2 . 
Thus, in the Case Al with h gj = gjh Q for VI < j < 2 the matrix h G H is 
to be scalar. By Propositions 16, 17, 18, 19, 20, 21, 22, the scalar matrices h Q G 
GL(2, R) \ SL(2, R) are 

h Q = il 2 g GL(2, Z[i\) of order 4, 

/i o = e ± ^ i / 2 G GL(2,Z[i]) of order 3 and 
h = e ± f J 2 e GL(2, Z[i]) of order 6. 

For any subgroup 

Qs ^ (51,^2 I g\ = gl = -h, g2g\ = -gm) < SL(2,Z\i}) 



63 



one obtains a group 

#qs(1) = (gi,92,ih I gl = gl = -h, 9291 = -9192} < GL(2,Z[i]) 

of order 16. As far as — i 2 € if n SL(2, the group if contains I 2 if and only 
if it contains — e - ?^ = e~^f 2 . Since (91,92) H (e^~I 2 ) = {-^2}, any finite group if 
with eir J 2 g if is a subgroup of GL(, O-3) of the form 

#qs(5) = (<?i,<7 2 > x (e^i 2 ) ~ Q 8 x C 3 . 

These deplete ii = [ii n SL(2, R)]{h ) = (gi,g 2 )(h ) ~ Q 8 C S of Case Al. 

In the Case A2, one can assume that h Q g\h~ l = —g\. If h g 2 h = g 2 then 
h (g 1 g 2 )h~ 1 = —gig 2 , so that there is no loss of generality in supposing h Q g 2 h~ l = —g 2 . 

By Lemma 33(iv), h gih^ = —g-y requires \\(h ) = ie~ , X(h ) = —ie~, whereas 
MM x = W x = Q If 

A 2 (/i J Ai(ft J 

D a = S-'KS = ( 16 \ . 2 ) e GL{2, Q( v / =rf, ie?)) 
\ — te s J 

is a diagonal form of h Q E H and 

-D-,- = S" 1 ^ = ( aj _ bj ) E GL(2, Q(v /Z ^, ie*)) for 1 < j < 2, 

then D Q DjD~ l = —Dj for 1 < j < 2 is equivalent to a x = a 2 = 0. As a result, 7^ 
and Cj = —^7. Straightforwardly, -D2-D1 = —DiD 2 amounts to 2aia 2 + &ic 2 + 6 2 ci = 0, 

whereas + = 0. Denoting /3 := |^ e Q(v^rf, ie^), one computes that /3 = ±i e 

Q(v / — d, ie 2 ?). Then by Lemma 28 there follows s = 2 with d = 1 or s = 4. For s = 2 
one has \i(h ) = —1, \ 2 (h ) = 1, so that h Q E H is of order 2 and 

if = ifg 8 (2) = (t/i, # 2 , /i I g\ = g\ = -h, h 2 D = i 2 , 

9291 = -9192, KgiK 1 = -91, h g 2 h~ 1 = -g 2 ) 
is a subgroup of GL(2, R-ij) of order 16. Note that 

h °=(~l ?)> ^ 1= (-°i J) and ^ 2= (° 

generate a subgroup of GL(2,Z[i]), isomorphic to ifg 8 (2). In the case of s = 4, the 
element h Q E H with eigenvalues \y{h ) = e^r, \ 2 {h ) = e' 2 ^ is of order 8 and 

if = ff Q8 (7) = (gi, g 2 , h \ g\ = g\ = h\ = -I 2 , g 2 g x = -g x g 2 

KgiK 1 = -gi, h g 2 h~ l = -g 2 ) 
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is a subgroup of GL(2, Z[]i) of order 32. The matrices 

generate a subgroup Hq 8 (7) of GL(2, Q(\/2, i)), isomorphic to Hq 8 (7). That con- 
cludes the Case A. 

In the Case B, let us observe that h Q g\h~ x = g 2 and h Q g 2 h~ l = eg\ imply h 2 g\h~ 2 = 
egi and h 2 g 2 h~ 2 = eg 2 . If h\ G Hf]SL(2,R) then det(/i ) = Xi(h )X 2 (h ) = -1. The 
matrices 



with a 2 + bjCj = —1, 2a\a 2 + &1C2 + h 2 c\ = satisfy D D\D 1 = D 2 ii and only if 

ai -\\{h )b x 



Do 



a- -ai 



Then D Q D 2 D~ l = eDi is equivalent to 

(e- l)ai = 
(e-\f(h o ))b 1 = 

{ £ ~ xfh) c i = 

According to det(Di) = 1^0, there follows (e — — Xf(h )) = 0. In the case of 
— 1 = e = Xf(h Q ), Proposition 16 implies that R = 0- 2 , h Q is of order 8 and 

D = S- 1 h S=[ e J L ) eGL(2,Q(V2,i)). 
(J e * 



Moreover, 



so that the subgroup 

#qs(3) = (01,02, fro I g\ = gl = K = -I 2 , g 2 gi = -gig 2 , 

KgiK 1 = g 2 , h g 2 h- x = - 9l ) < GL(2, 0- 2 ) 
of order 16 is conjugate to the subgroup 

ff » 8 (3) =(d =\ e i jy c = ( j 
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Do 



* J><GL(2,Q(A<)). 
For £ = 1 and \\(h Q ) ^ 1 there follows 

which contradicts D 2 D\ = —D\D 2 . Therefore e — 1 implies Af (/i ) = 1 and 

^° V -1 

is of order 2, since all h Q E H oi order 4 with det(/i ) = —1 are scalar matrices and 
commute with g±,g 2 . In such a way, one obtains the group 



#qs(4) = (gi, g 2 , K | g\ = g\ = -I 2 

KgiK 1 = g 2 , h g 2 h~ l 



K = J 2 , 



9i9\ = -0102, 



9i) 



of order 16. The matrices 
A = 



ci -ai 



and _D 2 = 



CL\ —bi 
-Ci -Oi 



generate a subgroup of GL(2 

_i 



-ci)), isomorphic to Q§ exactly when ai 



ci) and C\ — — ^ for some b\ E 



— ci)*. Therefore Hq S (A) occurs only as a 



subgroup of GL(2, R- 2 j) and 



D n 









: 













-1 



£ 2 = 



2 ' x 2 2 

-2)), isomorphic to Hq%(A). That con- 



generate a subgroup Hq S {4) of GL(2,Q(v 
eludes the Case B with h 2 Q E H n SX(2, 

Let us suppose that /v/i^o 1 = g 2 , h g 2 h~ 1 = eg\ with det(h ) G -R* of order s > 2. 
Note that h s Q E H (~) SL(2,R) = (g 1: g 2 ) implies /i^/i"* G {±gj} for VI < j < 2, so 
that s G {4, 6} has to be an even natural number. The group 

H' = (gi, g 2 , h 2 Q \ g\ = g\ = -J 2 , K = I 2 , g 2 g x = -gig 2 , 

hlgiK 2 = eg!, h 2 g 2 h~ 2 = eg 2 ) 

with h 2 E GL(2,R)\SL(2,R), HT\SL(2,R) = ( gi ,g 2 ) ~ Q 8 is of order 8| G {16,24} 
and satisfies the assumptions of Case A. Thus, for e — 1 one has h 2 = il 2 or hi = 
e^I 2 . If hi = il 2 then h a E H is of order 8 with det(h ) = ±i. Therefore R = Z[i] 
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-I. The 



and h has eigenvalues \\{h ) — e * % , \2(h ) = e ™ with 
relations D Q D 1 D~ 1 = D 2 , D a D 2 D~ 1 = D x on the diagonal form D Q of h Q hold for 



Ai(fep) 
A 2 (M 



A 2 (fe ) 
Xi(h ) 



D 1 



( ai 


M 


, A= ( 


ai -bi \ 








v -ci -ai J 



eSL(2,Q(V2,i)). 



The group (D 1 , D 2 ) is isomorphic to Q 8 if and only if a\ = ±-^2 
some 61 e Q(v^,i). In such a way, one obtains the group 



- and c\ = — for 



H Q8 (8) = (gi,g 2 ,h \g\ = g\ 



K = -h, gig\ = -gig2, 



KgiK 1 = g 2 , h g 2 h l =g 1 ) 
for R = Z[i]. Note that Hq$(8) is of order 32 and has a conjugate Hq 8 (8) = 
(D l7 D 2 ,D ) < GL(2,Q(V2,i)). If h 2 = e¥/ 2 then R = £L 3 and h Q e H is of 
order 6 with det(h ) = e ± ~ . According to h Q g\h~ x = g 2 7^ h Q is not a scalar 
matrix, so that Xi(h ) = e~it , \ 2 (h ) = —1 for det(/i ) = e"^. Now, DoDiD^ 1 = D 2 
is tantamount to 

ax 



2z™ 7 

e 3 bi 



Do = 



_ 2iri 

e 3 ci — ai 



and D D 2 D 1 = Di reduces to 



1 - e"— ) 61 = 



1 - Cl = 



As a result, 61 = c\ and 



± 



i 
-i 



commute with each other. Thus, there is no group H of Case B with h 2 = I 2 . If 
KgiK 1 = 92, K92K 1 = -9i and h l & (9i,92} then 

H' = (<?!, g 2 , hi I g\ = g\ = -I 2 , K = I 2 , g 29l = - 9l g 2 , 

hlgiK 2 = -gi, h 2 g 2 h~ 2 = -g 2 ) 

is isomorphic to Hq$(2) or i?Qg(7), according to the considerations for Case A. More 
precisely, if H' ~ Hq 8 (2) then h a of order 4 has det(h ) = ±i and R = Z[i]. Due to 
—I 2 G (gi,g2), one can assume that 



i 
1 
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Then D D\D 1 = D 2 requires 



Do 



—ic\ —a,\ 



so that D D2D 1 = —D\ results in a\ 
det(I?2) = 1, one concludes that 



0. Bearing in mind that det(Di) = 



D 1 



h 



Do 



i6i 
k 



For 6i = 1, one obtains a subgroup (Di, D 2 , D ) of GL(2,Z[i]), isomorphic to 



#Qs(9) = (g!,g 2 ,h | ^ 



0^ 



-J 2 , K = I 2 , g 2 gi 



"0102, 



V?!^ 1 = 02, ^02^' = -0i> < GL(2, Z[i]). 



Since det(/i ) = 2 is of order s = 4, the group Hq$(9) is of order 32. If H' = 
(0i, 02, hf) ~ Hq s (7) then h a <E H is to be of order 16, since /i^ is of order 8. The lack 
of h a G GL(2,R) of order 16 reveals that the groups H QS (3), H QS (A), H Q8 (8), H Q8 (9) 
deplete Case B. 

There remains to be considered Case C with h g\h~ l = g 2 , h Q g 2 h~ l = eg±g 2 , 
K(gig2)K 1 = eg 1 for some e = ±1. Note that h^h' 2 = eg x g 2 , h 2 Q g 2 hr 2 = g t , 
hlgih" 3 = gi, h? Q g 2 h~ z = g 2 require the divisibility of s by 3, as far as (gj) are 
normal subgroups of (gi,g 2 ) and h s Q G (<7i,<72)- In other words, s G {3,6} and R = 
O-3. The non-scalar matrices h Q G GL(2 : Os) with det(h ) = e~ have eigenvalues 
{\i(h Q ), X 2 (h )} = je 2 ^, l|, |e _ ir, — 1| or je^r, e _2 ?|. If h is of order 3 or 6 then 

= e 2 ^ and D a D\D~ l = D 2 specifies that 

/ ai eir^ 

JJo — 



Now, 2a±a 2 + b\c 2 + b 2 c\ = reduces to 2a\ = b\C\ and a\ + b\C\ = —1 requires 
ai = Ci = — 3^- for some 61 G Q(v^— 3)*. Replacing, eventually, Dj by _D|, one 

has 

( ^ b A 

£>i = , D 2 



Now, 



V 



2 
36i 



/=3 



/ 



V 



o 2ivi 



2e~ 



3fei 



6l \ 
/ 



/-3 



\ 



e 3 b\ \ 



2e" 



36i 
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and D D 2 D~ X = eD x D 2 holds for e = 1. Thus, 

H° Q8 (6) = (D 1 ,D 2 ,D ) < GL(2,Q(v^3)) 

is conjugate to 

#QS(6) = (01,02, I 0? = 02 = - J 2, = ^2, 0201 = "0102 

hgiK 1 = 02, K92K 1 = 0102) < CL(2, CL 3 ) 
of order 24 with \i(h D ) = e 2 ^, A 2 (fr G ) = 1 or to 

# = (01, 02, /?-o | 0? = 02 = - J 2, fro = - J 2, 0201 = -0102, (15) 
fro0lfro 1 = 02, fr O 02fro 1 = 0102) < GL(2, C_ 3 ) 

of order 24 with Ai(fr ) = e - ^, A 2 (/i c ) — — 1- D ue to — I 2 G (01,02), the presence 
of h Q G if of order 6 with det(if) = (det(fr )) ~ C3 is equivalent to the existence of 
— fr G G H of order 3 with det(if) = (det(— fr G )) ~ C 3 and if from (15) is isomorphic 
to Hq 8 (6). If fr has diagonal form 

D D = I G J GGL(2,Q(v^3)) 
\ e 6 / 

of order 12 with det(D ) = e 2 ?, = = _i ; then D Q DiD~ l = D 2 implies 

that 

V -ci ai / 

with = 61C1 = — \. Therefore, a\ = G GL(2, Q(-\/— 3)), which is an absurd. 

If fr o 0ifro 1 = 02, h Q g 2 h~ 1 = £0i02 and s = 6 then h Q £ H is of order 6, according to 
Proposition 19. Now /J" = (01, 02, fro) < GL(2,R) with ft,^ (01,02) is subject to 
Case A with a scalar matrix h G if, according to h 3 gih~ 3 = g±, h%g 2 h~ 3 = g 2 . If 
hi = il 2 then h Q is of order r = 12. The assumption h? Q = e^r i 2 holds for /i c of order 
r = 9. Both contradict to r = 6 and establish that any subgroup H < GL(2, R) with 
if n SL(2, R) ~ Q 8 is isomorphic to Hq 8 (i) for some 1 < % < 9. 

□ 

Proposition 39. Let H be a finite subgroup of GL(2 ) R), 

H n SX(2, R) = K 7 = ( 9l , g 4 , g\ = g\ = -I 2 , g 1 g^ 1 = g^ 1 ) ~ Q 12 

and h Q £ H be an element of order r with det (if) = (det(fr )) ~ C s and eigenvalues 
\i(h ), \ 2 {h ). Then H is isomorphic to Hq\ 2 {i) for some 1 < i < 10, where 

#Q12(1) = (01, 04, fro = i/2 I 01 = 0! = -^2, 010401 -1 = 04 ^ 
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is of order 24 with R — Z[i], 

#012(2) = (gi, g 4 , K | g\ = g\ = -I 2 , h 6 = I 2 , gig^i 1 = # 4 \ 
KgiK 1 = am, Kgji' 1 = g 4 ) 

of order 24, with R = 0- 3 , Xi(h ) = , X 2 (h ) = e^r , 

^ Oi2(3) = (g u g 4 , h I g\ = g\ = h 6 = -I 2 , g\g 4 g\ x = ftf 1 , 
KgiK 1 = 919I, KgiK 1 = g 4 ) 

is of order 24 with R = CL 3; \\{h ) = , \ 2 {h ) = e^r, 

#012(4) = (gi, g 4 , K I g\ = g\ = -l 2 , h 2 Q = I 2 , gmgi 1 = g^ 1 , 

KgiK 1 = -gi, h g 4 h- x = g 4 ) 
is of order 24 with \\{h ) — — 1, \ 2 {h ) = 1, 

#Qi2(5) = (g u g 4 , h = e^I 2 \ g[ = g\ = -I 2 , g x g 4 g^ = g^ 1 ) 
is of order 36 with R = O-3, 

#012(6) = (g l7 g 4 , h I g\ = g\ = -I 2 , hi = I 2 , g x g 4 gx x = &T\ 

KgiK l 9igl, Kg^' 1 = 94} 

is of order 36 with R = O-3, Xi(h ) = (T^ , \ 2 {h ) = 1, 

#012(7) = (g u g 4 , h I g\ = g \ = hl = -i 2 , gmgi 1 = g 4 \ 

KgiK 1 = h g 4 h~ x = g 4 ) 

is of order 36 with R = \\{h ) = e~^ ; \ 2 {h ) = eV ? 

#012(8) = (g u g 4 , h I g\=g\ = hl = -I 2 , gmgi 1 = g 4 \ 

KgiK 1 = -9i, Kg 4 K x = 9a) 

is of order 48 with R = X[i], Xi(h Q ) = e~^~ , \ 2 {h ) = , 

#012(9) = (gi,g 4 , h I g\ = g\ = -I 2 , K = I 2 , gxg 4 g{ x = \ 

KgiK 1 = 9i94, Kgji' 1 = g 4 ) 
is of order 72 with R = 0_3, Xi(h ) = 1, X 2 (h ) = e 2 ?, 

#012(10) = (01, g 4 , h I g[ = g\ = -I 2 , h & = I 2 , gig 4 g^ = g^ 1 , 
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h 9iK 1 = -gi, h g A h 1 = g A ) 

is of order 72 with R = O^, \\{h ) = e 2 ^ , \ 2 {h ) = e~~ . 
There exist subgroups 



H Q12 (2),H Q12 (A),H Q12 (5),H Q12 (6),H Q12 (9),H Q12 (10) < GL(2,0_ 3 ), 



as well as subgroups 



H° Q12 (l), H° Q12 (3), H° Q12 (7) <GL(2,Q(V3,<)), H° Q12 (8) < GL(2, Q(V2, Vs, <)) 
u«tfi #£ 12 (j) ~ ff 012 0') j G {1,3,7,8}. 



Proof. According to Lemma 27, the groups H = K 7 (h Q ) with det(H) = (det(h )) ~ 
C s are determined up to an isomorphism by the order r of h Q , the element hogih^ 1 G 
fT 7 of order 4 and the element hogji^ 1 G of order 6. Let us denote by the 
set of the elements of K 7 of order m. Straightforwardly, 



Inverting gig A g l 1 = g A \ one obtains 5(15(4 V 1 = 54. If /i # 4 fr 1 = #4 1 tnen 

{giho)gi{g\K l = gi{h g A h~ l )g^ 1 = gig^g^ 1 = g A . 

As far as K 7 = {gi,g A ,h ) = (g±, g A , g\ h ), there is no loss of generality in assuming 
Kg^K 1 = g 4 . 

We start the study of if by a realization of K 7 as a subgroup of the special linear 
group SL(2,Q(V^d, v /z 3))- Let 




{±5454 I 0<2<3}. 




be a diagonal form of 54 for some S G GL(2, Q( 



, v^— 3)) and 




Then 




coincides with D 4 1 if and only if 




for some 
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That allows to compute explicitly 
±D 1 = ± 



h 
-b^ 1 



±D ± Dl = ± 



±DiD 4 = ± 



7T2 - 

3 b\ 



- e 3% 



-(e-¥ 6l )-' 



_ 27ri 

e -i b\ 



K, 



(4) 



Now, D Q D/JJ~ X = D 4 amounts to 



< j < 5 



\i(h ) 

o \ 2 {K) 



and 



X 1 (h 



\ 



Xi(ho) 



Mho) 





/ 



e 3 o 1 



e 3 &i 



if and only if = e J 3 



— . Note that the ratio of the eigenvalues of h Q is 

determined up to an inversion and 



JTTt 

e s 



< j < 5 



For any h G H with = e T ir, < j < 3 the group 

# = #4, h Q I g\ = gl = -J 2 , = J 2 , ^l^r 1 = &\ 
KgiK 1 = gigi, Kgji' 1 = g 4 ). 

Note that = 1 exactly when h Q E H \ SL(2, R) is a scalar matrix. Ac- 

cording to Propositions 16, 17, 18, 19, 20, 21, 22, the only scalar matrices h Q G 
GL(2,R) \ SL(2,R) are h = ±il 2 for R = Z[i] and h = e ±2 ^I 2 or e ±2 3 i / 2 with 
R = O-z . Replacing, eventually, h Q = —il 2 by h^ 1 = il 2 , one obtains the group 
H Q12 (1) = (gi,g4,ih) with R = Z\i}. Note that H° Ql2 (l) = (D 1: D 4 ,h = il 2 ) is 



1 



zr 1 /L i 

e + a 



-1 



<J<2}. 



a realization of iJg 12 (l) as a subgroup of GL(2, Q(y3, i)). Bearing in mind that 
— 1 2 G K 7 , one observes that e~^~I 2 G H if and only if —e~^I 2 = I 2 G Re- 
placing, eventually, e~3~/2 and e~~I 2 by their inverse matrices, one observes that 
h Q = e~ I 2 G H whenever H contains a scalar matrix of order 3 or 6. That provides 
the group H Q12 (5) = (g u g 4 , e^I 2 ). Note that 



(Di = 



1 
-1 




D = e^I 2 ) <GL(2,0_ 3 ) 
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is a realization of f?Qi 2 (5) subgroup of GL(2, O- 



•3 J 



For y^nA = e=F ^ ) Corollary 29 specifies that either R = O-s, s = 2, r = 6, 



Ai(/i ) = e¥, A 2 (/i ) = e¥ an d /J ~ H Q12 (2) or R = <D_ 3 , s = 6, r = 6, Ai(/i ) = 
eeV, X 2 (h ) = e. In the second case, one can restrict to e — 1, due to — i 2 £ if 7 C if. 
The corresponding group if ~ iiQi2(9). Both, Hq\ 2 {2) and fiQi 2 (9) can be realized 
as subgroups of GL(2, CL3), setting 

1 A / e? 



K = ( JL J or, respectively, /i G = ^ 6 Q 3 ^ 

If = eT 2 ? 1 then, eventually, replacing /i G by /i" 1 , one has Xi(h ) = eir, 

A 2 (^ ) = s = 2, r = 12, R = Z[i] and H ~ fiQi 2 (3) or Ai(/i ) = £, A 2 (/i G ) = ee^r , 



s = 3, R = 0_3, by Corollary 29. Note that — i 2 G if 7 C if reduces the second case 
to \i(h ) = 1, \ 2 {h ) = e - ? 1 , s = 3 ; r = 3, R = CL 3 and if ~ ifg 12 (6). Note that 



1 A / ef \ ( 1 



2iri 



1 U / \ e a I \ e 3 

generate a subgroup of GL(2,(9_ 3 ), isomorphic to ifg 12 (6). In the case of if ~ 
if Qi2(3) the eigenvalues of h are primitive twelfth roots of unity, so that 

h\ n / e$ \ n f ef 



generate a subgroup ifg 12 (3) < Gf (2, Q(v / 3, i)), isomorphic to ifgi 2 (3). 

For ^2 = _i there are four non-equivalent possibilities for the eigenvalues 
\i(h ), X 2 (h ) of h Q . The first one is Xi(h ) = 1, X 2 (h ) = —1 with s = 2, r = 2 for 
any i? = R_ d j and if ~ ffgi 2 (4) of order 24. Note that 

Dl = I -1 ) ' A = p -f ' ^ = ( -1 



3iri 



realizes ifQi 2 (4) as a subgroup of GL(2,Os). The second one is Xi(h ) = e 4 
A 2 (/i ) = with s = 4, r = 8, R = Z[i] and H ~ ff Q i 2 (8) of order 48. Observe 

that 

; ' 1 ) • ° 4 'o « ^ ' °° '() 
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generate a subgroup of GL(2, Q(v / 2, v^3, «)), isomorphic to i?Qi2(8). In the third case, 
Ai(/i ) = e~^, A 2 (/i ) = with s = 3, r = 12, i? = CL 3 and if ~ Hq 12 (7) of order 
36, realized by 



as a subgroup of GL(2, Q(\/3, i)). In the fourth case, Ai(/i ) = e 2 ™, X 2 (h ) = e " 
with s = 6, r = 6, i? = (9_ 3 and H ~ //qi 2 (10) of order 72. The matrices 




^ " V -1 J ' 94 ~ [ e-f ) ' 



/ 1\ /ef \ , / e¥ 




generate a subgroup of GL(2, (9_ 3 ), isomorphic to f/g 12 (10). The groups Hq 12 (4:), 
F Q12 (7), if Q12 (8), H Q12 (10) with 

A2(hl) — — 1 are non-isomorphic, as far as they are 

of different orders. 



Proposition 40. Let H be a finite subgroup of GL(2, R), 

H n SL(2, R) = K 8 = (g u g 2 , g 3 \ g[ = g\ = -I 2 , g\ = I 2 , g 2 g x = -g x g 2 , 

939193 1 = 92, 939293 1 = 9\9i) ^ SL(2, F 3 ) 

and h Q G H be an element of order r with det(iJ) = (det(h )) ~ C s and eigenvalues 
Xi(h ), \ 2 {h ). Then H is isomorphic to HsL(2,z){i) f or some 1 < i < 9, where 

H S L(2,3)(1) = {9i,92,93,ih I 9\=92 = -h, g\ = h, 929\ = ~9i92, 

939i93 1 = 92, 939293 1 = 0102, ) 

of order 48 with R = Z[i], 

H S l(2,3)(2) = (gi,g 2 ,g 3 , h \ g\ = g\ = -I 2 , g% = I 2 , h 2 Q = I 2 , g 2 g x = -g x g 2 

939193 1 = 92, 939293 1 = 9\92, Kg^' 1 = -g u h g 2 h~ 1 = -g 2 , Kg^ 1 = -g 2 g 3 ) 
of order 48 with R = Xi(h ) = —1, \ 2 (h ) = 1, 

^5L(2,3)(3) = (gi, g 2 , 93, K | g\ = g\ = h = -I 2 , gl = I 2 , g 2 g x = -gig 2 , 

939\93 l = 92, 939293 1 = 9\92, Kg^h' 1 = g 2 , h g 2 h~ l = -g u Kg^h' 1 = g 2 g\) 
of order 48 with R = 0_ 2 , \\{h ) = \ 2 {h ) = , 

#sl(2,3)(4) = (9i,g2,93, K | g\ = g\ = -h, 9% = h, h 2 = I 2 , g 2 g x = -g x g 2 



□ 
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939i93 1 = 92, 9^9293 1 = 9i92, Mi^o 1 = 92, h g 2 h 1 = g u h g 3 h 1 = ) 
of order 48 i? = R-2J, Xi(h ) = — 1, X 2 (h Q ) — 1> 

^sl ( 2,3)(5) = x (e^/ 2 ) ~ SL(2,F 3 ) x C 3 

o/ order 72 i? = (9-3, 

H S l(2,3)(Q) = (gi, 92, 93, h I g\ = g\ = -h, g\ = h, h 3 Q = I 2 , g 2 gi = -gm, 

939i93 l = 92, 939293 1 = 9\92, Kg^' 1 = g 2 , Kg 2 h~ 1 = g ± g 2 , h g 3 hr o x = g 3 ) 
of order 72 with R = 0^ 3 , Xi(h ) = e 2 ^ , X 2 (h ) = 1, 

H S L(2,3)(7) = (g u g 2 , g 3 , h Q | g\ = g\ = h\ = -I 2 , g% = h, 9i9\ = -9192 

93919s 1 = 92, 939293 1 = 9\92, h g x h~ x = -g 1} h g 2 h~ 1 = -g 2 , Kg^h' 1 = -g 2 g 3 ) 
of order 96 with R = Z[i], Xi(h ) = , \ 2 {h ) = e^ 2 ^ , 

H S L(2,3)(8) = (g 1} g 2 , g 3 , h Q \ g\ = g\ = h\ = -I 2 , g% = h, 9i9\ = ~9igf 2 

939193 1 = 92, 939293 1 = 9\92, Kgxh' 1 = g 2 , h a g 2 h~ 1 = g h h g 3 h~ x = g x gl) 
of order 96 with R = Z[i], Xi(h ) = , X 2 (h ) = e~^ ; 

H S l(2,3)(9) = (9i, 92, 93, h I g\ = g\ = -h, g\ = h, K = I 2 , g 2 g x = -gig 2 , 

939193 1 = 92, 939293 1 = 9\92, KgiK 1 = g 2 , h g 2 h~ l = -g u KgsK 1 = g 2 g\) 

of order 96 with R = Z[i], Xi(h ) = i, X 2 (h ) = 1. 
There exists a subgroup 

H SL{2>3) (5)<GL(2,0_ 3 ), 

as well as subgroups 

^L(2,3)(1)^5L(2,3)(2),^L(2,3)(9) < GL(2,Q(VS, i)), 

H°sl(2,3)( A ) < GL(2,Q(V^2, V=3)), 

^L(2,3)(3),^L(2,3)(7),^(2,3)(8) < GL(2, Q( A VS, 0) 

™th H° L{23) (j) ~ H SL (2,3)U) f° r 1' < J < 4 or 6 < j < 9. 
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Proof. According to Lemma 27, the groups H under consideration are uniquely deter- 
mined up to an isomorphism by the order r of h and by the elements hoQjh^ 1 G 
1 < j < 2, a; 3 := hog^h^ 1 G K$ 3 \ (Throughout, denotes the set of the elements of 
order v from a group G.) Recall by Proposition 24 the realization of K$ ~ SL(2,¥3) 
as a subgroup /C 8 of GL(2, Q(y/^d, 3)), generated by the matrices 



V 

with some &i G 



2 
36i 



Do 



( 
\ 



2e" 



3 
2tt; 



o 27ri 7 \ 



2_7ri 

e s 



e ^ 



36i 3 

^d, v^— 3)*. After computing 

// Q 47T4 _ 



V 



2e" 



3 



36i 



one puts 



\ 



2e~ 



3 

2jivi 



3 \ 

- e 3 6 X \ 



for < j < 2 



/ 



and observes that 5 
constitute the subset 



36i 3 

Di, 5i = D 2 , 5 2 = D 1 D 2 . The elements of /C 8 of order 4 



(4) 



{±6, | 0<j<2}. 





= Si 


D 3 8 j 


= S t D 3 




= 5 m or, equivalently, 


D 3 5 r - 


- 8 m D 3 


D 3 8 m D 3 


= 8j 


D 3 8 m 


= SjD 3 



In order to list the elements of /Cg of order 3, let us note that D 3 DiD 3 1 = D 2 and 
D 3 D 2 D 3 1 = D\D 2 imply D 3 (DiD 2 )D 3 1 = D\. Thus, for any even permutation 
j, I, m of 0, 1, 2, one has 

1 = 5/ D 3 8 j = 8 t D 3 

(16) 

D 3 5 m = 5jD 3 
Making use of (16, one computes that 

{-5 3 D 3 f = 5 m D 2 3 , (SjDs) 3 = (SjD^i-SjD^ 2 = I 2 for all < j < 2, 
so that -5jD 3 G K$ \ As a result, 8jD 2 = (SiD m ) 2 G K,f ] for all < j < 2 and 

/4 3) = {£> 3 , -5^3, £>|, SjDj I 0<j<2}. 
Proposition 24 has established that JC 8 has a unique Sylow 2-subgroup 

ft 8 = (<Mi I 5 2 = 5j = -I 2 , 8 1 8 = -8 5 1 ) = {±I 2 ,±5 j | < j < 2}, 
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so that the set /Q = "H 8 of the elements of /C 8 of order 4 are contained in "H 8 ~ Q 8 . 
In other words, Xj := h 8jh~ l G "H 8 and H' = (01,02 A) ~ H' — (8 ,8i,D o ) is a 
subgroup of H with fl SL(2, R) ~ Q 8 . Proposition 38 establishes that any such H' 
is isomorphic to Hq%(i) for some 1 < i < 9. 

We claim that for any 1 < i < 9 there is (at most) a unique finite subgroup H = 
02, 03 A) of GL(2,R) with (si,<? 2 A> ^ #qsW, HC]SL(2,R) = (9^92,93) ^ 
SL(2,¥ 3 ) and det(iJ) = (det(/i )). To this end, let us consider the adjoint represen- 
tation 



to the elements of /C 8 of order 3. Note that 

(x ,xi) = h o {8 ,8 1 )h~ 1 = hoUsK 1 = "^8, 
as far as "H 8 ~ Q 8 is normal subgroup of H' = "H 8 (/i D ). The adjoint action 

Ad ho : /C 8 — > /C 8 

Ad/ lo (x) = h xh~ l for Vrr G /C 8 

of h Q is a group homomorphism and transforms the relations D^8 S D^ 1 = 5 s+ \ for 
< s < 1 into the relations XsX s x^ 1 = x s+ i for < s < 1. For any 1 < i < 9 the 
subgroup H' ~ HQ 8 (i) of "H determines uniquely £0,^1 G "H 8 . We claim that for any 
such x ,Xi there is a unique a; 3 G /C 8 3 ^ with 



Ad : /C 8 — >■ S(/C g 4; ) ~ 5 6 
Ad^d/) = xyx' 1 for Vrr G /C 8 , G /C 



and its restriction 



Ad : /d 3) 



S(/C 8 4j ) ~ S 6 



Ad X3 (x ) = x u Ad^Xi) = xqXi. 



(17) 



Indeed, Proposition 38 specifies the following five possibilities: 



Case 1 x = <5 , X\ 



Case 2 x = —8 , Xi 
Case 3 x = 81, X\ ■ 
Case A xq — 5i, x\ 
Case 5 xq — 81, x\ 
For any < s 7^ t < 2 and e, r\ G {±1} note that 




Ad £Sa {rj8 s ) = r}8 s , Ad £Sa {rj8 t ) = -r}8 t . 
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Combining with (14), one concludes that 



Ad D8 «* J -» = Ad ( _,. D ,)« ( y i » = (* I >, 

Ad D 3(^)) = Ad ( _ 5sD3) ((^)) = (U, 
Ad D3 ((5 m }) = Ad MsD3) ((5 m )) = (Sj) 



for any < s < 2 and any even permutation j, /, m of 0, 1, 2. 



Similarly, 



Ad lH ((S j )) = Ad s , lH ((S j )) = (S m ) 1 

Ad Di ((5 l )) = M SaDi ((5 l )) = (^)i 
Ad Di ((5 m )) = Ad, sDi ((U) = (^) 



for any < s < 2 and any even permutation j,l,m of 0,1,2. In the case 1, (17) 
read as Ad X3 (#o) = Si, Ad X3 (#i) = 62 and imply that rr 3 = D 3 , according to (16) and 
Ad(_5 s ) ^ Id/c s for all < s < 2. In the Case 2, Ad X3 (5o) = S\ and Ad X3 (Si) = —62 
specify that x 3 = — 5±D 3 = —D 2 D 3 . In the next Case 3, the relations Ad X3 (5i) = — 5q, 
Ad X3 (S = 5 2 hold if and only if x 3 = 5iD 3 = D 2 D\. Further, Ad X3 {b\) = 5 , 
Ad X3 (S ) = —5 2 in Case 4 are satisfied by x 3 = <5 -D 3 = D\D\ and Ad X3 (5i) = 5 2 , 
Ad X3 (52) = So in Case 5 are valid for rr 3 = f} 3 . Given a presentation of H' ~ Hq&{i) 
with generators gi,g2,h , one adjoins a generator g 3 G SL(2,R) of order 3 and the 
relation h Q g 3 h~ 1 = x 3 , in order to obtain a presentation of if ~ HsL(2,3)(i), 1 < i < 9. 



4 Explicit Galois groups for of fixed Kodaira- 

Enriques type 

In order to classify the finite subgroups H of Aut(A), for which A/H is of a fixed 
Kodaira-Enriques classification type, one needs to describe the finite subgroups H 
of Aut(A) for A = E x E. Making use of the classification of the finite subgroups 
£(H) of GL(2,R), done in section 3, let det£(H) = (det£(h ) = e 2 ?) ~ C s for 
some s G {1,2,3,4,6}, h G H. (In the case of s = 1, we choose h = Id^.) By 
Proposition 24 one has £(H) n SL(2,R) = . . .,£(h t )) for some < t < 3. 

(Assume £(ff) n SX(2, i?) = {i 2 } for t = 0.) The linear part 



of H is a product of its normal subgroup (£(hi) , . . . , £(h t )) and the cyclic group 
(£(h )). The translation part 1~{H) = ker(£|#) of if is a finite subgroup of (7a, +) — 



(A, +). The lifting (7a, +) < (a = C 2 , + ) of T(ii) is a free Z-module of rank 4. 



□ 



£(#) = [£{h) n SX(2, it>)] (£(/i )> = . . . , £(h t ))(£(h )) 



Therefore (T(ii), + ) has at most four generators and 




T(H) = (r(p- 5 Q-) I 1 < i < m) for some < m < 4. 
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(In the case of m = one has T(H) = {Ma}-) We claim that 

H = T(H)(h 1 ,...,h t ,h ) = (T(p itQi ),hj,h | 1 < % < m, l<j<t) 

for some 0<m<4, 0<t<3. The choice of T( Pu q.\, hj, h Q G H justifies the inclusion 
( T {P t ,Qi)i hj,h | 1 < % < to, 1 < j < t) C H. For the opposite inclusion, an arbitrary 
element h G H with C(h) = C{hi) kl . . . C{h t ) kt C{h ) ko for some kj G Z produces a 
translation r {uy) := hh~ k °h; kt . . . h^ kl G ker (C\ H ) = T{H) = (r { p uQi) \ l<i<m), 
so that h = T(uy)hi L . . . h kt h ko G (t^q^, hj, h i 1 < % < m, 1 < j < t) and 
H C (^p^q.), /ij, /i„ | 1 < i < to, 1 < j < i). In such a way, we have derived the 
following 

Lemma 41. If H is a finite subgroup of Aut(A), A = E x E with 
det £(#) = (det C(h Q ) = e 2 ?) ~ C s and 

C{H) nSL(2,R) = (£(hi),...,£(ht)) for some 0<t<3 then 
H = ( r (P l ,Q ! ) ! hjh | l<i<m, l<j<t) 
is generated by < m < 3 translations and at most four non-translation elements. 

Bearing in mind that A/H is birational to a K3 surface exactly when C(H) is a 
subgroup of SL(2,R), one obtains the following 

Corollary 42. TTie quotient A/H by a finite subgroup H of Aut(A) has a smooth K3 
model if and only if H is isomorphic to some H K3 (j,m) with 1 < j < 8, < m < 3 ; 
where 

H K \l.m) = (r {PuQi) , r {UuVl) {-h) \ l<i<m) 
H K \2,m) = (r {PuQi) , h x | 1<*<to> 
for C{h x ) G SL(2,R), tr£(/n) = 0, 

H K3 (3,m) = (T (PijQi) , /ix, /i 2 | l<2<m) 

/or£(/n),£(/i 2 ) G SL(2,R), trC(h) = trC(h 2 ) = 0, £(/i 2 )£(/ii) = -£(/n)£(/i 2 ) ; 

^ 3 (4,m) = (r (PiiQt) , ^ 3 | l<*<m> 

/br£(/i 3 ) G 5L(2,i?) ; tr£(/i 3 ) = -1, 

f^ 3 (5,m) = (r {Pi)Qi) , h 4 | 1<2<to) 

forC(h 4 ) G SL(2,R), tr£(/i 4 ) = 1, 

f^ 3 (6,m) = (r (PiiQi) , /ii, /i 4 I l<*<m> 
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for C(hi),£(fn) G SL(2,R), tr£(/n) = 0, tr£(/i 4 ) = 1, £(/ii)£(/i4)[£(/ii)] _1 = 

H K3 (7,m) = (T( PuQi ), h!,h 2 ,h 3 | 1 < i < to) 
/or£(/i 1 ),£(/i 2 ),£(/i 3 ) G SL(2,R), tr£(/ii) = tr£(/i 2 ) =0, tr£(/i 3 ) = -1, 

£(/i 2 )£(/n) = -£(/n)£(/i 2 ), 

£(/i3)£(/ii)[£(M _1 = £(M ^AWCM" 1 = £(/n)£(/i 2 ), 

H K3 (8,m) = (r( Pi) Q.), h 1 ,h 2 ,h z \ 1 < i < m) 
for Cih), C(h 2 ), C(h 3 ) G SX(2, tr£(/n) = tr£(/i 2 ) = 0, tr£(/i 3 ) = -1, 

£(/i 2 )£(/ii) = -£(/n)£(/i 2 ), 

We are going to show that for an arbitrary finite subgroup if < Aut(A) with 
an abelian linear part C(H) < GL(2,R), there exist an isomorphic model i*\ x _F 2 
of A and a normal subgroup iVi of if, embedded in Aut(Fi), such that the quo- 
tient group H/N 1 is an automorphism group of F 2 . This result can be viewed as a 
generalization of Bombieri-Mumford's classification [3] of the hyper-elliptic surfaces. 
More precisely, if H = T(H)(h ) for some h Q G H with eigenvalues XiC(h ) = 1, 
\ 2 C(h ) = detC(h ) = e~^, s G {2,3,4,6}, then there is a translation subgroup 
Ni of Aut(Fi), such that G ~ H/N\ is a non-translation group, acting on the split 
abelian surface F{ xF 2 = (F1/N1) x F 2 . According to Proposition 5, the quotient A/H 
is hyper-elliptic (respectively, ruled with elliptic base) exactly when the finite Galois 
covering A — > A/H is unramified (respectively, ramified). Since F\ — > F\/N\ = F[ 
is unramified for a translation subgroup NiTp 1 < Aut(Fi), the covering A — > A/H 
is unramified is and only if the covering F[ x F 2 — > {F[ x F 2 )/G is unramified for 
G = H/Ni. In particular, the first canonical projection pr x : G —> Aut(F{) is a group 
monomorphism and G is an abelian group with at most two generators, according to 
the classification of the finite translation groups of F[. Thus, Bombieri-Mumford's 
classification of the hyper-elliptic surfaces (F{ x F 2 )/G reduces to the classification of 
the split, fixed point free abelian subgroups G < Aut(F{ x F 2 ) with at most two gener- 
ators, for which the canonical projections pr x : G — > Aut(F[) and pr 2 : G — > Aut(F 2 ) 
are injective group homomorphisms. 

Towards the classification of the finite subgroups of Aut(E), let us recall that the 
semi-direct products (a) x (b) ~ C m x C s of cyclic groups are completely determined 
by the adjoint action of b on a. Namely, Ad^(a) = bob" 1 = a- 7 for some residue j G 7j* m 
modulo to, relatively prime to to. Now Ad^(a) = a jS = a requires j s = l(modm). In 
other words, j G is of order r, dividing s and (a) X (b) is isomorphic to 

G®(m):=CmMjC a = (a, b | a m = 1, b s = 1, ter 1 = a J ) (18) 
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for some j G Z* m of order r, dividing s. Form now on, we use the notation (18) 
without further reference. Note that the only j G "L* m of order 1 is j = l(modm) and 
Gi^m) = (a) x (b) ~ C m x C s is the direct product of (a) = C m and (6) = C s . 

Lemma 43. Let G be a finite subgroup of the automorphism group Aut(E) of an 
elliptic curve E with endomorphism ring End(E) = R. Then G is isomorphic to 
some of the groups Gi(m,n), G 2 11 ^(m^n), G^\m), s G {3,4, 6} ; where 

Gi(m,ri) = (r Pl , r P , 2 ) ~ C m x C n , m,neN 

is a translation group with at most two generators, 

Gjr 1,_1) (m,n) = (r Pl , r P2 )x(-l) ~ (C m xC n ) x ( _i _ 1) C 2 = ((a) x (b)) X(-i-i) (c) = 
= (a, b, c | a m = 1, b n = 1, c 2 = 1, cac' 1 = a, cotT 1 = b' 1 ) 
Gfim) = (tp,) x, (e^> ~ C m x,- C 3 = (a) x,- (c) = 
= (a, c | a m = 1, c 3 = 1, cac~ l = a j ) 
for some j G 7h* m of order 1 or 3, R = 0-%, 

Gf(m) = (t Pi ) x, (i) ~ C m x,- C 4 = (a) x, (c) = 

= (a, c | a m = 1, c 4 = 1, cac" 1 = a J ) 
/or some j G Z^ o/ order 1,2 or 4, R — Z[i], 

Gfim) = (r Pl ) *j (ef) ~ C m x, C 6 = (a) x, (c) = 

= (a, c | a m = 1, c 6 = 1, cac- 1 = a j ) 
for some j G Z* m of order 1, 2, 3 or 6. 

Proof. Any finite translation group G < (£ p , +) lifts to a lattice G < (E — C, +) of 
rank 2, containing 7Ti(-E). By the Structure Theorem for finitely generated modules 
over the principal ideal domain Z, there exists a Z-basis Ai,A2 of G and natural 
numbers m, n G N, such that 

G = AiZ + A 2 Z, it±(E) = mAiZ + mnA 2 Z. 

As a result, P x = Ai + 7Ti(.E) G (£, +) of order m and P 2 = A 2 + 7Ti(f?) G (£, +) of 
order mn generate the finite translation group G = G/iri(E) ~ C m x C mn . 

If G is a finite non-translation subgroup of Aut(E) then the linear part C(G) of 
G is a non-trivial subgroup of the units group R*. Bearing in mind that 

f<-l)~C 2 for R^Z\i],0- 3 , 
R* = l(i}~ C 4 for R = Z[i], 
{(ef) for J R = 0_ 3 , 
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one concludes that Q = (e^ 1 ) ~ C s for some s G {2, 3, 4, 6}. Any lifting g = T\je^ G 
G of C(go) = has a fixed point Pq G E. After moving the origin of E at Po, one can 
assume that go = . Bearing in mind that the translation part T(G) = ker(|c), one 
observes that G = T(G)(e~r'). The inclusion T(G)(e^ i ) C G is clear. For any g G G 

with = e~^~ for some < j < s — 1, one has g (e^^J G ker(£|cr) = T(G), so 

that G C T(G)(e^ L ) and G = T(G)(e^ L ). Note that T(G) is a normal subgroup of 
G with T(G) n (fTr) = {/c^}, so that 

G = T{G) x (e 2 ?) 

is a semi-direct product. As a result, there is an adjoint action 

Ad : (e^> — > Aui(T(G)), 

Ad 2tt»j tp, ) = e^^r p, e ~ = 7- 

of (e 2 ? 1 ) on T(G), which is equivalent to the invariance of T{G) under a multiplication 
by e~^r g -R*. The translation group 'T(G) = (r Pl , Tp 2 ) has at most two generators, 
so that 

G = (r Pl , rp 2 ) x (e • ) 

for some s G {2,3,4,6}. If s = 2 and (t Pi ,t P2 ) ~ C m x C n = (r Ql ) x (tq 2 ), 
then Ad_i(rQ 1 ) = r_Q fc for 1 < k < 2. The residue classes — l(modm) G Zj^ and 
— l(modn) G Z* are order 1 or 2. 

We claim that G = (tpj) x (e - ^) has at most two generators for s G {3,4,6}. 
Indeed, rp 1 G T{G) implies that Ad e a^i (tpJ = r e ^ p G T{G). For s G {3,4,6} the 

points P 1; e^Pi have Z-linearly independent liftings from T(G), so that T(G) = 
( t Pd r P 2 ) = ( r Pu r )• As a result, 

G == {t Pi , e • r Pl e • ) x (e « ) = (r Pl ) x (e - ) ~ m C s = (a) x^ (c) = 

(a, c I a m = 1, c s = 1, cac -1 = a- 7 ) 
for some j G Z^ of order r, dividing s G {3, 4, 6}. 

□ 

Let us put G^ ,1 \m, n) := Gi(m, n), in order to list the finite subgroups of Aut(E) 
as G ( s juj2 \m,n) with s G {1,2} and G { P{m) with s G {3,4,6}. 

Lemma 44. Let H be a finite subgroup of Aut(A) with abelian linear part C{H). 
Then: 

(i) there exists S G GL(2,C), such that all the elements of 

S^HS = {S^hS = (ru^jCih), t U2 X 2 C) | h G H} < Aut^A) 



82 



have diagonal linear parts; 

(ii) if Fx = S^ 1 (Exd E ), F 2 = S^ 1 (d E xE) then S~ 1 A = F x xF 2 and the canonical 
projections 

p^-.S-'HS^AutiFk), 
pr fe (r [ / 1 Ai>C(/i),r C 7 2 A2>C(/i)) = r Uk \ k C(h), 

are group homomorphisms with pr fc (S' _1 iJS') ~ G^'^^m, n), s G {1,2} or 
se {3,4,6}; 

(Hi) S~ 1 HS = ker(pr 2 )(/ii, . . . ,h t ) for any liftings hj = (etj, f3j) G S~ 1 HS of the 
generators j3i, . . . , j3 t of pr 2 (S~ 1 HS) , 1 < t < 3; 

(iv) S~ 1 A/ ker(pr 2 ) = C\ x F 2; where C\ is an elliptic curve for a translation 
subgroup ker(pr 2 ) < (J~f 1 ,+) < Aut(Fi) or a rational curve for a non-translation 
subgroup ker(pr 2 ) < Aut(Fi), ker(pr 2 ) \ (1~f 1 , +) ^ 0; 

(v) A/H ~ (Ci x F 2 )/G /or ' 

G := (/ii, . . . , ...,ht)H ker(pr 2 )) 

isomorphic second projection 

W-2--G^pr 2 (S- l HS) 

and first projection 

prT : G ->■ pr7(G) < Aui(Ci) 
u^/i kernel ker(pr7| G ) ~ ker(pr 1 

Proof, (i) It is well known that for any finite set {£(/i) h G if} of commuting 
matrices, there exists S G GL(2,C), such that 



S-'£(A)S = £(ff-'M) = ( A "f> ^ ° (&) 



are diagonal for all h G H. Namely, if there is h Q G H, whose linear part C(h ) 
has two different eigenvalues \iC{h ) ^ \ 2 £(h ), then one takes the j-th column of 
S G Q(V — 1)2x2 1° be an eigenvector, associated with XjC(h ), 1 < j < 2. The 
conjugate S~ 1 C(h )S is a diagonal matrix. It suffices to show that Vj are eigenvectors 
of all C(h), in order to conclude that S' _1 £(/i)S' are diagonal, as the matrices of 
C(h) with respect to the basis Vi,v 2 of C 2 . Indeed, for any h G H the relation 
C(h)C(h ) = C(h )C(h) implies that 

\jC(h )[C{h)vj] = C(h)C(h )vj = C(h )[C{h)v r 

Therefore C(h)vj is an eigenvector of C(h Q ) with associated eigenvalue XjC(h , so that 
C(h)vj is proportional to v^, i.e., C(h)vj = ChVj for some G C, which turns to be 
an eigenvalue = XjC{h) of If \iC{h) = \ 2 C{h) for V7i G H then all are 

scalar matrices. In particular, C{h) are diagonal. 
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(ii) Note that the direct product A = E x E of elliptic curves coincides with their 
direct sum. If 

S- l A := S- l A/S- l m(A) = C 2 /5'" 1 7ri(A), 
then S _1 A — > S~ 1 A is an isomorphism of abelian surfaces and 

S-\A) = S-\E x E) = S-^E x 6 E ) x (d E x £)] = 

= S-\E x 6 B ) x S-^oe xE) = F 1 x F 2 . 

The canonical projections pr fe : S~ 1 HS — > Aut(Fk) are group homomorphisms, ac- 
cording to 

pr fe ((ry 1 A 1 £(^), ry 2 A 2 £(c/))(r [ / 1 Ai£(/i), T U2 \ 2 C(h)) = 

= prk( T v 1 +\ 1 c(g)u 1 (^£(g)^i£(h)),T V2+X2C{g)U2 (\ 2 C(g).\ 2 £(h))) = 

= ry fcAfc£(fl)[/fc (A fe £(#).A fc £(/i)) = (T Vk \ k C(g))(T Uk \jC(h)) = 

= pr fe (ry 1 Ai£(^), ry 2 A 2 £(/i)).(pr fe (r l/l Ai£(/i), T U2 \ 2 C(h)) 

for V<7, h E H with S~ 1 gS = r^y^C^S^ 1 g S) , S~ 1 hS = r^ UljU2 )C(S~ 1 hS). The image 
pr^S^HS) of S~ 1 HS is a finite subgroup of Aut(F fc ) for 1 < fc < 2. 

(iii) If /ij = (ctj : /3j) E S^HS are liftings of the generators j3j of pr 2 (S~ 1 HS), 
then ker(pr 2 )(/i!, . . . , h t ) is a subgroup of S^HS, as far as ker(pr 2 ) is a normal 
subgroup of S~ 1 HS. For any pr 2 (S^/iS 1 ) = . . for some G Z, one has 
(S^HS)^™ 1 . . . h n t H ) e ker(pr 2 ), so that S^hS E ker(pr 2 )(/n, . . . , ^)and S" 1 /^ = 
ker(pr 2 )(/ii,...,/i t ). 

(iv) The subgroup ker(pr 2 ) of S^HS acts identically on F 2 and can be thought 
of as a subgroup of Aut(F 1 ), pr 1 (ker(pr 2 )) ~ ker(pr 2 ). Thus, 

S - ^/ ker(pr 2 ) ~ [F 1 /pr 1 (ker(pr 2 )] x F 2 = C l x F 2 

with an elliptic curve C\ exactly when pr 1 (ker(pr 2 )) is a translation subgroup of 
Aut(Fi) or a rational curve C\ for a non-translation subgroup pr 1 (ker(pr 2 )) of the 
automorphism group Aut(Fi) of F\. 

(v) Since ker(pr 2 ) is a normal subgroup of S^HS with quotient 

S^HS/ ker(pr 2 ) = [ker(pr 2 )(/ii, . . . , /i t )]/ ker(pr 2 ) = 
= (h u . . . , ht)/({h u ...,h t )n ker(pr 2 )) = G, 

one has 

A/H ~ (S- 1 A)/(S- 1 HS) ~ [ 1 S- 1 A/ker(pr 2 )]/[,S- 1 iJ5/ker(pr 2 )] = (d x F 2 )/G. 

By the First Isomorphism Theorem, the epimorphism pr 2 : S~ l HS —¥ pv 2 (S~ l HS) 
gives rise to an isomorphism 

pf£ : S^HS/ ker(pv 2 ) = G — > pr^S^HS). 
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The homomorphism pr 1 : S ^^HS — > Aut(Fi) induces a homomorphism 

prT : S^HS/ ker(pr 2 ) = G — > AMt(F 1 )/pr 1 (ker(pr 2 )) ~ Aut(d). 

in the automorphism group of C\ = F 1 /pr 1 (ker(pr 2 )). It suffices to show that the 
kernel 

ker(prT) = {S^hS ker(pr 2 ) | pr^S^hS) G pr 1 ker(pr 2 )} = 
[ker(pr 2 ) ker(pr 1 )]/ker(pr 2 ), 

since 

[ker(pr 2 ) ker(pr 1 )]/ ker(pr 2 ) ~ ker(pr 1 )/[ker(pi 2 ) fl ker(pr 1 )] = ker(pr 1 ). 

Indeed, if there exists S^hxS^r^S^hS), IcLf 2 ) G ker(pr 2 ) then 

S-\h^h)S = (Idp^pv^S^hS)) G ,S- 1 iJ 1 Snker(pr 1 ), 

so that S^^^hS G S ,_1 /?,iS'ker(pr 1 ) C ker(pr 2 ) ker(pr 1 ) for \/S~ 1 hSker(pr 2 ) G ker(pr~j~). 
Conversely, any element of [ker(pr 2 ) ker(pr 1 )]/ ker(pr 2 ) is of the form 

(g 1 ,Id F2 )(Id Fl ,g 2 )ker(pr 2 ) = (g u g 2 ) ker(pr 2 ) 

for some (g 1 ,Id F2 ), (Id Fl ,g 2 ) G S^HSn [Aui(Fi) x Aut(F 2 )}, so that 

V*i(9i,92) = 9i = Wi((9i,Id F2 )) G pr 1 ker(pr 2 ) 

reveals that (g±, g 2 ) ker(pr 2 ) G ker(pTj~). 

□ 

According to Lemma 43, the finite automorphism groups of elliptic curves have 
at most three generators. Combining with Lemma 44(iii), one concludes that the 
finite subgroups H of Aut(E x E) with abelian linear part C(H) have at most six 
generators. Their linear parts C(H) have at most two generators. 

Lemma 45. Let h = Tmy\C(h) be an automorphism of A = E x E and w = (u,v) G 
C 2 = A be a lifting of (u, v) + tti(A) = (U, V) G A. Then h has no fixed points on A 
if and only if for any ji = (fii,fi 2 ) G Ki(A) the affine-linear transformation 

h(w, = r w+lx C{h) G Aff(C 2 , R) := (C 2 , +) X GL(2, R) 

has no fixed points on C 2 . 

Proof. The statement of the lemma is equivalent to the fact that FixA{h) 7^ g0 exactly 
when Fix&(h(w, [/,)) 7^ for some /i G iri(A). Indeed, if (p,q) G Fix&(h(w, [/,)) then 
(P, Q) — (p + tti(E), q + tt 1 (E)) G A is a fixed point of h, according to 
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p \ ( miE) \_{P 
Qj\ ME) J \ Q 
Conversely, if 



Q J V v J \Q 

then for any lifting (p, q) G C 2 of (P, Q) — (p + iri(E), q + ni(E)), one has 
In other words, 

^:;)-W:)+(:)-(:W::$ 



and (p,q) G Fix C 2(h(w, — //)). 



□ 



Now we are ready to characterize the automorphisms /i G Aut(A) without fixed 
points 

Lemma 46. /In automorphism h = T(u,v)C{h) G Aut(A) \ (7a, +) acts without fixed 
points on A = E x E if and only if its linear part C(h) has eigenvalues \iC{h) = 1, 
A 2 £(/i) 7^ 1 and 

^>(:)^(: 

for any lifting (u,v) G C 2 of (u + ir 1 (E),v + ni(E)) = (U, V). 

Proof. The fixed points (P, Q) G A of h = T{uy)C{h) are described by the equality 

<£<*)-/,)(£) = (:£). (w) 

If det(£(/i) - I 2 ) / or 1 G C is not an eigenvalues of £(/i), then consider the 
adjoint matrix 

(m - hr = ( _ d c ~ b a ) g p 2x2 of 
= (° c 

According to - J 2 )*(£(/i) - J 2 ) = det(C(h) - I 2 )I 2 = (C(h) - h){C{h) - J 2 )*, 

one obtains 

det(C(h)-h) ( q ) = (£(^)-/ 2 )*(£(^)-/ 2 ) ( ^ ) = -0C(/O-/ 2 r ( y ) ■ (20) 
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Then for an arbitrary lifting (u\,Vi) G C 2 of 

(:::::$ Ml) 



the point 



Uet(£(/i) - J 2 ) ' det(£(/i) -J 2 )J G ' 



descends to (P, Q) = (p + tti(-E), g + 7Ti(P)), subject to (20). As a result, 

1l\ / 7Ti(E) 



u y + V 7n(P) 

and (P,Q) G Fix A {h). 

From now on, let us suppose that the linear part C(h) G GL(2, R) of h G \ 
(7a, +) has eigenvalues \iC(h) = 1 and \ 2 C(h) = det £(/i) G P* \ {1}. We claim that 
a lifting (w,v) G 2 of (w + 7Ti(P), v + 7Ti(P)) = (U, V) G A satisfies 

C{h) ( u )= X 2 C(h) f I 



if and only if there exists (p, q) G C 2 with 



q J \ -v 

which amounts to (p, q) G Fixci(T( u>v )C{h)) . To this end, let us view C(h) : C 2 — > C 2 
as a linear operator in C 2 and reduce the claim to the equivalence of (—u, —v) G 
ker(£(/i) — \ 2 C(h)I 2 ) with (— u, —v) G Im(C(h) — I 2 ). In other word, the statement 
of the lemma reads as ker(£(h) — \ 2 C{h)I 2 ) = Im(£(h) — I 2 ) for the linear operators 
C(h) - \ 2 C{h)I 2 and C(h) - I 2 in C 2 . By Hamilton -Cayley Theorem, C(h) G C 2x2 
is a root of its characteristic polynomial 

X c(h) (X) = (\-\ 1 C(h))(X-l). 

Thus, 

(£{h) - \ 2 C{h)I 2 )Im{C{h) - I 2 ) = {(0, 0)} 

is the zero subspace of C 2 and Im(£(h) — I 2 ) C ker(£(/i) — \ 2 C{h)I 2 ). However, 
dim Im{C{h) - I 2 ) = rk(£(h) - I 2 ) = 1 and 

dimker(£(/i) - \ 2 C(h)) = 2- rk(£(/i) - \ 2 C(h)I 2 ) =2-1 = 1, 

so that Im(C(h) - I 2 ) = ker(£(/i) - \ 2 £{h)I 2 ). 

□ 
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Corollary 47. Let H = T(h)(h ) be a finite subgroup of Aut(A) for some h Q G H 
with 

XtC^ho) = 1, X 2 C(h ) = e^, s G {2, 3, 4, 6}, 
5 G GL(2, Q(y/—ct)) be a diagonalizing matrix for h Q and 

after appropriate choice of an origin of S _1 A = i*\ x P 2; Pi = S^ 1 (E x o^) ; P 2 = 
S~ 1 (oe x P). 27ien A/if is a hyper- elliptic surface if and only if the kernel ker(pr 1 ) 
of the first canonical projection pr x : S~ 1 HS — > Aut(F 1 ) is a translation subgroup of 
Aut(F 2 ). If so, then 

1 S- 1 A/[ker(pr 2 )ker(pr 1 )] ~ C x x C 2 
for some elliptic curves Ci,C 2 and 

A/H ~ (d x C 2 )/G, 
where the group G is isomorphic to some of the groups 

G? E = ((T t , l ,-l))~C 2 

with U x G C^ toI \{d Cl }, 

Off = (nPM) x ((tu,, -1)> ~ C 2 x C 2 
u«tfi P, C/i G Cj^ \ {o Cl } ; Qx G C 2 2 - tor ; 

Gf s = ((r t ; 1 ,e¥))cC3 

wjft p = e>_ 3; c/i g Q^ tor \ c 2 - tor ; 

^ = ( r (Pi,Qi)) x ((n^e™)) ~ C 3 x C 3 

with R = 0_ 3 , P\,U\ G C 3 - tor \ C?"*", Q G C 2 3 ~ tOT \ {o C2 } ; 

G» E = ((T Ul ,i))c±C 4 

mtfi P = Z[i], u x g cf- tor \ (c 2 - tor u ct tor ), 

Glf = (T i p l , Ql) )x((T Ul ,i))~C 2 xC 4 
with R = Z\i], P G Ct tov \ {c-cA, Qi e C , 2 ll)_t ° r \ fe}, C/i G Cf- tOT \ (C 2 - tor U 
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with r = e>_ 3; c/i e ct tor \ (cf- tOT u ct tOT u cf- tor ). 

In £/ie notations from Proposition 30, A/H is a hyper- elliptic surface exactly when 
H ~ S~ X HS is isomorphic to some of the groups: 

H2 E (m,n) = ((T Mj ,Id F , 2 ),(Id Fl ,T Nk ),(T W ,-l) | 1 < j < m, 1 < k < n) 

with W <£ ker(pr 2 ) ; 2W G ker(pr 2 ) ; C(H? E (m,n)) ~ H C i(l) ~ C 2; 

H"f(m,n) = ((r Mj ,Id F2 ), (Id Fl ,r Nk ), t {x , Y ), (t w , -1) | 1 < j < m, 1 < k < n) 

with 2X.2W G ker(pr 2 ) ; X, W £ ker(pr 2 ) ; 2F G ker(p ri ) ; Y £ ker(pr 1 ) ; 
C(H» 2 E (m,n))~H cl (l)~C 2 

H^ E (m,n) = ((T Mj ,If F2 ), (Id Fl ,T Nk ), (r w ,e^ | 1 < j < m, 1 < k < n) 

with R = 0_ 3; 3W G ker(pr 2 ) ; 2W G' ker(pr 2 ) ; C(H^ E (m,n)) ~ H CI (2) ~ C 3; 

H z,i{m,n) = ((T Mj ,Id F2 ), (Id Fl ,T Nk ), t {x ,y), (r w ,e^ \ l<j<m, 1 < k < n) 

with R = CL 3 , 3X,3W G ker(pr 2 ) ; 2X,2W £ ker(pr 2 ) ; 3Y G ker(p ri ) ; Y £ ker(pr 1 ) ; 
£(ff3 fl /(m,n))~%(2)~C 3 , 

H^ E (m,n) = ((r Mj ,Id F2 ), (Id Fl ,r Nk ), (r w ,i) | 1 < j < m, 1 < k < n) 

with R = Z[i], 4W G ker(pr 2 ) ; 2W, £ ker(pr 2 ) ; C(H? E (m,n)) ~ if C i(e) ^ C 4; 

H% E (m,n) = ((T Mj ,Id F2 ), (Id Fl ,r Nk ), T( X ,y), (r w ,i) \ I < j < m, 1 < k < n) 

with R = Z[i], 2X G ker(pr 2 ) ; X ker(pr 2 ) ; (lAY G ker(pr 1 ) ; Y G" ker(pr 1 ) 7 
AW G ker(pr 2 ) ; 2W, £ ker(pr 2 ) ; C(H*f (m, n) ~ if C i(3) ~ C 4; 

H* E (m, n) = ((T Mj ,Id F2 ), (Id Fl ,T Nk ), (t w , \ 1 < j < m, 1 < k < n) 

with R = CL 3; G ker(pr 2 ) ; 3W,AW,5W £ ker(pr 2 ) ; where m,nE {0, 1,2}. 

Proof. In the notations from Lemma 44, the kernel ker(pr 2 ) of the second canonical 
projection pr 2 : S^HS — > Aut(F 2 ) is a translation group, so that 

S^A ->• ,S- 1 A/ker(pr 2 ) = d x F 2 

is unramified and Ci is an elliptic curve. Thus, the covering A — > A/H is unramified 
if and only if C\ x F 2 — > (Ci x F 2 )/G ~ A/if is unramified. In other words, A/if 
is a hyper-elliptic surface exactly when the group G has no fixed point on C\ x F 2 . 
For any g £ G with 7^ i 2 the second component pf 2 "(g') = ry 2 e^" for some 1 < 
j < s — 1, V2 G F 2 has a fixed point on F 2 . Towards Fixc^^ig) = $ one has to have 



89 



pT[( g ) ^ Id Cl , so that ker(pr7) C T{G) = Gnker(£) and ker(p ri ) QH = Hnker(C) 
are translation groups. The covering C\ x F 2 — > {C\ x F 2 )/ker(prj~) = C\ x C 2 is 
unramified, C 2 is an elliptic curve and A/H is a hyper-elliptic surface exactly when 
G = Gj ker(pr 1 ) has no fixed points on (Ci x F 2 ) / ker(pr 1 ). The canonical projections 

prj" : G — > Aut(C\) and pf^ : G Q — > Aut(C 2 ) 

are injective. Since pTj~(G ) is a translation subgroup of Aut(Ci), the group G Q — 
prj" is abelian and has at most two generators. As a result, pr^'(G' ) ~ G Q is an 
abelian subgroup of Aut(C 2 ) with at most two generators and non-trivial linear part 
C (pr^Go)) = (e~^) ^ C s for some s G {2, 3, 4, 6}. According to Lemma 43, 



pr 2 (G ) ~ (t Qi ) x (e ?) ~ C m x C s 
for some Qi G C 2 with To, = Ad 2™ (rn, ) = r 2™ .In other words, the point 

/ 2-7ri \ 

(e s —II— tor _ 

Qi G C 2 \ {dc 2 }- If s = 2 then any Qi G C 2 or works out and the order of 

Qi e (C 2 , +) is m = 2. 

For s = 3 note that the endomorphism ring of C 2 is End(C 2 ) = O-3. Therefore 
the fundamental group vri(C 2 ) = c(Z + rZ) for some r G Q(v^— 3) and c G C*. By 
c G 7r 1 (C 2 ) and eir G End(C 2 ) one has e^c G 7Ti(C 2 ). Due to the linear independence 
of c and over Z, one has 7ri(C 2 ) = cZ + e~cZ = c(9_ 3 . For a = e~3~ — 1 = — 1 + 
the equation 

a + e^~yj = + e^~&j c for some a, 6 G Z 
has a solution x = ^y^, y = ~ a 3 2b ■ Note that x(modZ) = y(modZ) and 

(x + e^yj c (modZ + e^zj = (x + e^) (mod7ri(C 2 )) G 

{dc 2 , ± (l + eT ) (mod^C,))} = , 

whereas C 2 a - tor = C 2 3 ~ tor and m = 3. Thus, Q 1 G C 2 3 ~ tor \ {o C2 } in the case of s = 3. 

If s = 4 then End{C 2 ) = and 7r 1 (C 2 ) = cZ[i] for some c G C*. The equation 
(i — l)(x + iy)c = (a + 6i)c for some a, 6 G Z has a solution x = y = w ^ n 

(x + iy)c(modZ[i]) = x + iy(mod7r 1 (C 2 )) G 
( ^1 cCmodTn^))) = Cf +1) " tor , 



2 

so that m = 4 and Q x G cf +1)_tor \ {d c J. 

For s = 6 one has eT — 1 = eir and C^ - * 01, = {oc 2 }, Therefore pf^(G ) 
(e^) ~ C 6 in this case. 
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The restrictions on Pi, Ui G C\ arise from the isomorphism G Q ~ pr 1 (G G ) ~ 
pf^(G ). Namely, (r^, e^r j G G Q with pf^ ^r^, j = P^ir of order s G {2, , 34, 6} 

has to have t Vi = prj" ^r^, e 2 ? j G (Ci, +) of order s. That amounts to C/i G C{~ tor: 

and C/i C^ tor for all 1 < t < s. If pr^(G ) = (r Ql ) x (e 2 ?) with Q x ^ o C2 then the 
order m of Qi G C 2 has to coincide with the order of P 1 G Ci. 

In order to relate the classification Gf E , G^ E of G c with the classification of the 
groups H? E {m,n), H™(m,n) of H ~ S- 1 ^', note that P 1; C/i G CT tor \ CT tor 
for some natural numbers p > q exactly when the corresponding liftings X, W G F\ 
are subject to pX,pQ G ker(pr 2 ), gX, aW £ ker(pr 2 ). Similarly, Q x G Cf~ tor \ Cf _tor 
for p, q G N, P > q if and only if an arbitrary lifting Y G F 2 satisfies pY G ker(pr 1 ), 
qY £ ker(pr 1 ). 

□ 

Bearing in mind that A/H with H = T(H)(h ), \iC{h Q ) = 1, X 2 C(h ) eR*\ {1} 
is either hyper-elliptic or a ruled surface with an elliptic base, one obtains the following 

Corollary 48. Let H = T(H)(h ) be a finite subgroup of Aut(A) for some h Q G 
H with Ai£(/i ) = I, \ 2 C(h ) = e^r, s G {2,3,4,6}, S G GL(2,Q( V /Z rf)) &e a 
diagonalizing matrix for h Q and 

S~ 1 h S={r Ul ,e^) 

after an appropriate choice of an origin of S~ 1 (A) = F\ x F 2 , F\ = S^ 1 (E x 6e), 
F 2 = S~ 1 (oe x E). Then A/H is a ruled surface with an elliptic base if and only if 
the kernel ker(pr x ) of the first canonical projection pr x : S^^^HS — > Aut(Fi) contains 

a non-translation element S hS = ( Idp 1 ,Tv 2 e^~ ) for some 1 < k < s — 1, V 2 & F 2 . 

In the notations from Lemma 44 > the quotient A/H ~ (Ci x F 2 )/G of the split 
abelian surface C\ x F 2 = S~ 1 A/ ker(pr 2 ) by its finite automorphism group G = 
S~ 1 HS/ ker(pr 2 ) is a ruled surface with an elliptic base exactly when G is isomorphic 
to some of the groups 

Gf E (m,n) = (t (P1)Qi) , t ( p 2) q 2) , ) x (( TUl , -1)) ~ (C m x C n ) X(-i-i) C 2 = 

= ((a) x (b)) X(_i _i) (c) = (a, b, c | a m = 1, 6™ = 1, cac -1 = a" 1 , c6c _1 = o -1 } 
Tf/j G ((tpj, rp 2 ), +) ~ C m x C n /or some m, n G N, 

G RE (m,j) = (r (Pli0l) ) x ((r^e^)) ~ C m x, C 3 = 

= (a) xi j- (c) = (a, c | a m = 1, c 3 = 1, cac -1 = a J ) 
wift R = 0-3, 2Z7i G ((tpj), +) ~ C m /or some j G o/ order 1 or 3, 

Gf E (mJ) = (t (P1)Qi) ) x ((r^,i)) ~ C m xij C 4 = 
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= (a) xi j- (c) = (a, c | a m = 1, c 4 = 1, cac 1 = a j ) 
with R = Z[i] for some j G 7L* m or order 1, 2 or 4, 

CKJ) = faft.Qi)) x ((^i,e^)) - C m x, C 6 = 

= (a) Xj (c) = (a, c | a m = 1, c 6 = 1, cac' 1 = a j ) 

with R = 0- 3 and at least one of 3Ui, AUi or 5Ui from ((rp 1 ), +) for some j G Zj^ 
of order 1, 2, 3 or 6. 

The classification of G is an immediate application of the group isomorphism 
pf^ : G — > pr 2 (S^ifS 1 ) from Lemma 44 (v) and the classification of Aut(F 2 ), given 
in Lemma 43. 

Lemma 49. Let G be a finite subgroup of GL(2, R) with G D SL(2, R) ^ {h}, such 
that any g G G\ SL(2, R) ^ has an eigenvalue Xi(g) = 1. Then: 

(i) G = G s = (g s ,g ) is generated by g s G SL(2,R) of order s G {2,3,4,6} and 
g Q G GL(2,R) with det(g ) = -1, tr(o D ) = 0, sufy'ect to g Q g s g~ x = g' 1 ; 

(ii) and g G G\ SL(2, R) has eigenvalues Xi(g) = 1 and A 2 (g) = — 1; 
fmj t/ie gronp 

C s = (o s , o | o| = J 2 , gl = h, goQsQo 1 = 97 1 ) - V s 

is dihedral of order 2s for s G {3, 4, 6} or the Klein group G 2 — C 2 x C 2 for s = 2. 

Proof. Note that g G G\SL(2, R) has an eigenvalue 1 exactly when the characteristic 
polynomial X g (X) = A 2 — tr(g)A + det(o) G i?[A] of o vanishes at A = 1. This is 
equivalent to 

tr(o) = det(o) + 1. 

If —h £ G, then Proposition 24 specifies that G n SX(2, i?) = (g 3 ) ~ C 3 . In the no- 
tations from Proposition 35, all the finite subgroups Hc^{i) = [Hcs{i) C\SL(2, R)](g Q ) 
of GL(2, R) with Hcz{i) D SL(2, R) ~ C3, such that g Q has an eigenvalue \i(g ) = 1 
are isomorphic to 

#c 3 (4) = (0, oo g 3 = gl = h, g gg- l = g' 1 ) ^ S 3 ~ T? 3 

for some G SL(2,R) with tr(g) = —1 and Ai(g D ) = 1, A 2 (g D ) = — 1. Since g Q is of 
order 2, the complement 

H C3 (4)\SL(2,R) = {g)g = {gig | < j < 2} 

consists of matrices gig Q of determinant det(gig ) = det(g D ) = — 1 and g G -£^3(4) \ 
SL(2, R) has as eigenvalue 1 exactly when ti(gig ) = 0. Bearing in mind the invari- 
ance of the trace under conjugation, one can consider 

- -z) 
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with a 2 + b c = 1. Then 



-i 



-3aA 



9o99 = 9o99o = 



-3a c e 2 ™ + a/^Oo 



is equivalent to a Q = and 



e 3 



^00 = 








/ e"¥ 



\ e 3 



e s b 

_ 2nij 



= 9 



-i 



6o 







have tr(g j g ) = for all < j < 2. Thus, any g G H C s(4:)\SL(2, R) has an eigenvalue 
A, (.9) = 1. 

If -h e G, then for any g G G \ SL(2,R) with Ai(#) = 1, A 2 (#) = det(#) G 
iT \ {1}, one has -g G G\SL(2,R) with Ai(-#) = -1, A 2 (-#) = -det(g). Thus, 
— g has an eigenvalue 1 exactly when A 2 (— g) = — det(g) = 1 or A 2 (g) = det(g) = — 1. 
In particular, 

G=[GnSL(2,R)](g ) 

for some g Q G G with det(# ) = -1, tr(g ) = and G \ SL{2, R) = [G D SX(2, i?)]# . 
Thus, for any g E G \ SL(2,R) has det(y) = —1 and c/ has an eigenvalue Xi(g) = 1 
exactly when tr(g) = 0. 

We claim that tr(gig ) = for all g\ G G fl SL(2, R) and some g Q <E G with 
det(<7 ) = —1, tr(g D ) = —1 requires G fl SL(2,R) to be a cyclic group. Assume the 
opposite. Then by Proposition 24, either G fl SX(2, i?) contains a subgroup 

K A =(g u g 2 | g\ = gl = -I 2 , gig^ 1 = g 2 1 } - Qs 
isomorphic to the quaternion group Q 8 of order 8, or 



G n SX(2, i?) = K 7 = (g u g A \ g\ = g\ = -I 2 , g x g^ x = g^ 1 ) 



212 



is isomorphic to the dicyclic group Qi 2 of order 12. In either case, one has h±,h 2 G 
SL{2,R) with tr(hi) = and h 2 of order s G {4,6}, such that hih 2 h^ 1 = h^ 1 . Let 
us consider 



Ci -Oi 



D 2 = = 



eSL(2 



2ni 

e « 



_ 2iri 

e s 



and 



93 



with a 2 + b c = 1. The relation 



/ 



D X D 2 D- X X = -D 1 D 2 D 1 



e s — 2i/m ( e « | a 
—2ilm 



( 27ri \ 



aiCi 



—2ilm (e 2 ™ j ai&i ^ 
e » + 2zYm I e <> q 



-2211 

e » 



27TI 

e " 



= D. 



-i 




for some bi G 



— d, e" 



e s b n 



27T1 

-e » a„ 



= 2ilm 



( 2tH \ 



for some b Q G 



-de 



tr(DiD ) = tr 



r 


01 



r-r = ° 



requires ^ = £& D for some £ G {±} and 



s 



tr(D 1 D 2 D ) = tr I mbox 



-ee' 



I e s — e s ) = —2tlm I e s ) e 7^ 



contradicts the assumption. Therefore G fl SX(2, i?) = (g) ~ C s is cyclic group of 
order s G {2, 4, 6}. If G = [Gfl SX(2, has a normal subgroup G n SL(2, R) = 

(g) ~ C2 then (7 = —72 and g {—l2) = {—hjOo, as far as —I 2 is a scalar matrix. As a 
result, G = (g) x (g ) ~ C 2 x C 2 . For G = [GnSX(2, i?)](^ ) with a normal subgroup 
GnSX(2, i?) = (g) ~ C s of order {4, 6} note that the element g 99o X °f (fl 1 ) i s °f order 
s, so that either g ggo l — 9 or 9o99o X — 9~ X ■> according to Z4 = {±l(mod4)}, Zg = 
{±l(mod6)}. If g Q g = gg Q then there exists a matrix S G GL ^2,Q (y/— d, e 2 ? j j , 
such that 



D = S^gS = 



2ni 

e ' 



2jvi 

e s 



and D = S 1 g Q S 
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2ni 2iri 



are diagonal. Then tr(gg ) = tv(DD ) = e « — e 
an eigenvalue of gg Q . Therefore gogg^ 1 — 9 1 - If 



/ 2tvi \ 

2%Im le~ ) ^ and 1 is not 



D = S~ 1 gS = 



2ni 

e " 







_ 2ni 

e s 



and 



D = S-'goS = ( a c ° o _^jeGL(2,Q(vQ,eT)) with ^ + 6^ = 1, 



then the relation 



DoDD- 1 = D DD 



( e 2 *' + 2i/m ( e~ 



2ilm ( e 



2ilm ( e « ] a 6 



ri \ 

5 J a c 



e « — 2?Jm I e 



2 



specifies that a c = and 



e 2? I _ n-i 

e » 



i ) for some b Q G 



f 



— d, e" 



The non-trivial coset 

S^GSXSL (2,Q (V^e^)) = (D)D = {Z^A, | < j < s - 1} 



consists of elements of trace 



e s b 
U:(D'D„) = ■ { r ^ q | =0. 



6o 



so that any A G S 1 GS \ SL ^2,Q (^/—d, e 2 ™ j j has an eigenvalue 1 and any g 
SAS- 1 E G \ SL(2, R) has an eigenvalue 1. 



□ 



Proposition 50. The quotient A/H of A = E x E is an Enriques surface if and 
only if H is generated by h G H of order s G {2,3,4,6} with C{h) G SL(2,R) and 
h a G H with \iC(h ) = 1, \ 2 C(h ) = —I, r(h ) = h C(h o y l = T(u y ), subject to 



h hh 1 = h hh = h 1 and 



(21) 
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In particular, for s = 2 the group 

H ~ C{H) -C 2 xC 2 

isomorphic to the Klein group of order 4, w/iiZe /or s G {3, 4, 6} one /^as a dihedral 
group 

H ~ C(H) ~V S = (a, b | a s = l, b 2 = 1, ooiT 1 = a" 1 } 

o/ order 2s. 

Proof. According to Lemmas 41 and 49, the finite subgroups H of Aut(E x i?) with 
Enriques quotient A/if are of the form 

H = ( r (Pi,Qi)i h i h o I 1 <i<m) 

with < m < 3 and 

C(H) = (jC(h), C(h ) C(h) s = I 2 , C(h ) 2 = I 2 , C{h )C{h)C{h )- 1 = C(h^ ~V S 
for some C(h) E SL(2,R), C{h ) E GL(2,R), \iC(h ) = 1, A 2 £(/i ) = -1. Note that 

K:=C- 1 (C(H)nSL(2,R)) = (r [PiM \ \<i<m){h) 
is a normal subgroup of H with a single non-trivial coset 



H\K = Kh = {t ™ , D „h j h | 2,eZ, 0<j<s-l 



The automorphism /i, whose linear part has eigenvalues XiC(h) = e 2 ™ , \ 2 C(h) = 
e~~^ , different from 1 has always a fixed point on A. Without loss of generality, one 
can assume that h = C(h) E GL(2, R), after moving the origin of A at a fixed point 
of h. If h Q = T(jj o y o )C(h ) for some (U , V Q ) E A then the translation parts 

r(h(z,j)) = h(z,j)C(h(z,j))- 1 =r^ (po ^ hJ(uv) for = (z u . . . , z m ) E Z m 

£ Zi(Pi,Qi)+h3(Uo,Vo) 

and < j < s — 1. The linear parts C(h(z,j)) = L{h?h ) = h 3 £(h ) have eigenvalues 
\i(h 3 C(h )) = 1, \ 2 (h J C(h )) = —1 for all < j < s — 1. Applying Lemma 46, one 
concludes that FixA(h(z,j)) = if and only if no one lifting (x(z, j),y(z, j)) E C 2 of 
r(h(z,j)) is in the kernel of the linear operator ipj = h 3 C{h Q ) + 1 2 : C 2 — > C 2 . For any 
fixed < j < s — 1, note that (x(z, j),y(z, j)) E~ ker(0^) for all z = (z X) . . . , z m ) E 7L m 
implies that the lifting of the M-span of (t^p^q^ | 1 < % < to) to C 2 is parallel to 
ker(^). It suffices to establish that ker(^o) nker(^i) = {(0, 0)}, in order to conclude 
that m = and H = (h, h Q ) = (h Q , h). Since the claim ker(-^o) Hker('0 1 ) = {(0, 0)} 
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is independent on the choice of a coordinate system on C 2 , one can use Lemma 49 to 
assume that 

C(h ) — D — ( i ^° j and /i = 



2tti 



for some s G {2,3,4,6}. Then ip = C(h ) + I 2 has kernel ker(-^o) = Span c (5 , —1), 
while 

( i e ^ bo 

ipi = hC(h ) + I 2 = _22Li,_i 

y e . b Q 1 

has kernel ker(^i) = Span c ^e^6 , — 1 j . For s G {2, , 34, 6} the vectors (b a , —1) and 

le~b ,—l\ are linearly independent over C, so that ker(?/>o) D ker(^i) = {(0,0)}. 

Now, £{h j h ) = h j C{h ) ^ I 2 for any < j < s-1, as far as £{h ) £ (h) < SL(2, R). 
On the other hand, the subgroup (h = C(h)) of H is contained in SL(2,R), so that 
the translation part T(H) = ker(£|#) = Id\ is trivial. As a result, C : H — >■ £(#) is 
a group isomorphism and the relation C( y h )hC(h )^ 1 = h~ x implies that 

hohh- 1 = (T [Uo y o) C(h )) h (r-cihj-HUoyMho)- 1 ) = 

= mj y )-c{h )hc(h )-\u y )[C-(H )hC(h o y l ] = r^y^h-i^y^h' 1 = h' 1 . 

After acting by h on (U ,V ) = /i -1 (C/ , V Q ), one obtains that h(U ,V ) = (U ,V ), 
or (U ,V ) G A is a fixed point of /i. Bearing in mind that K = (h) ~ {£{h)) = 
C(H) n SX(2, i?) is a normal subgroup of if ~ £(# ) = ) n SL(2, R)} (C(h )}, let 
us represent the complement H \ K as the set of the entries of the left coset 

H \ K = h Q K = {h h j | 0<j<s-l}. 

Then h h? = T( Uo y o )(C(h )h j ) have translation parts 

T(h h J ) = h h? L{h h?y x = /i £(/i ) _1 = r(h ) = r iUo y o) 

and linear parts C(h Q )h j with eigenvalues \i(C(h )h j ) = 1, X 2 (C(h )h j ) = —1. Ac- 
cording to Lemma 46, the automorphism h Q h? G Aut(A) has no fixed point on A if 
and only if no one lifting (u Q , v a ) G C 2 of (u Q + iri(E), v q + iri(E)) = (U Q , V Q ) is in the 
kernel of tpj = C(h )hi + I 2 . We claim that if 

h {z) = {i:) + {t) forsome eii( - 4) ' 

then (pj(u a , v ) — ip (u o ,v o ) G 7Ti(A). Indeed, by an induction on j, one has 

( : M :: ) ™ 
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whereas 



¥j(u ,v ) - (po(u ,v ) = C(h )h 3 ( U ° ] - C(h ) ( U ° 1 G 7Ti(A). 



Thus, the assumption (u , i> ) G ker implies that 

(p (u o ,v o ) = C(h )(u ,v ) + (u ,u ) = (Ati,// 2 ) e TTl(^), 

whereas 

contrary to the assumption (21). Note that (21) is equivalent to Lpo(u ,v ) (jL ni{A) 
for all liftings (u ,v ) G C 2 of (u a + tti(E),v + tti(E)) = (U ,V ) and is slightly 
stronger than FixA(h ) = 0, which amounts to ^oKi^o) f° r V(-u ,t> ) G C 2 with 
(u + iri(E),v + iTi(E)) = (U ,V ). 

□ 
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